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1. Introduction 



Since tlie discovery of tlie AdS/CFT correspondence tliere has been a resurgence of 
interest in superconformal quantum field theories in four dimensions. The maximal A/" = 4 
theories for gauge group SU (N) with coupling g have been of particular interest and, as is 
now well known, the supergravity approximation to type IIB string theories on AdS^ x 
gives direct information in the limit N —>■ oo for large A where A = g'^N. The A/" = 4 theory 
is superconformal for any g and it is possible to also obtain perturbative results valid for 
small A. Of particular interest are correlation functions of chiral primary operators which 
may be written as C^ri...rj,'^'^{^ri ■ ■ -^rp) where C^ri...rp are a set of symmetric traceless 
SO{Q) tensors and are the lowest dimension scalar fields in the A/" = 4 theory, belonging 
to the adjoint representation of the gauge group and the 6-dimensional representation of 
the /^-symmetry group SO{Q)r — SU{A)r. 

Recently there has been extensive analysis of such four point correlation functions, 
primarily for the simplest p = 2 case, in relation to the operator product expansion 
|j^,H,^J|,^,|^,0 . The operators appearing belong to various supermultiplets. For a long 
supermultiplet, for which the number of states is proportional to 2^^, the scale dimen- 
sion A for the lowest dimension state is unconstrained so long as it satisfies an inequality 
A > Ao, where Aq depends on the spin and SU{A)b. symmetry representation, necessary 
for unitarity [H,^] , for a useful review see [|lOl . In such supermultiplets the scale dimension 
ranges from A to A + 8. The cardinal example is the supermultiplet for which the 



lowest dimension state is formed by the Konishi scalar, which is a SU{A)^ singlet and 
for which Aq = 2. In the interacting theory there is an anomalous dimension so that 
A = Aq + 0(A). In addition there are various short supermultiplets in which the num- 
ber of states involve factors 2^, p < 16. These result from the lowest dimension state 
satisfying BPS like conditions where various supercharges annihilate the lowest dimension 
state. The simplest are the supermultiplets formed from the chiral primary operators de- 
scribed above which are scalars belonging to the [0,p, 0] SU{4)ii representation and with 
^min = P- These are |-BPS representations and the supermultiplet then has operators 
with a maximum dimension A^in + 4, for p > 4. As well as this example the known 
short supermultiplets also include ^-BPS representations with the lowest dimension states 
belonging to the [q^p, q] SU{4)ji representation Amin = 2q + p and A^ax = ^min + 6. For 
these examples the BPS shortening conditions apply to both the Q and Q supercharges 
which requires the lowest dimension state to be spinless. The scale dimensions of such 
short multiplets are expected to be protected against perturbative corrections. 

Besides the contributions of these operators and their higher dimension descendents 
other operators with apparently protected scale dimensions have been identified in the 
operator product expansion analysis. The first to be exhibited MM was a scalar operator 
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with A = 4 in the 20-dimensional [0, 2, 0] representation. This exactly satisfies the uni- 
tarity bound so there is no apparent reason to prohibit an anomalous dimension. This 
operator has been identified with the double trace operator formed from the product of 
two [0, 2, 0] chiral primary operators in the large limit and its vanishing anomalous 
dimension confirmed by field theory calculations [lTT| , p!^ , p!3| . Multiplets with protected di- 



mensions, and with the possibility of non zero spins, were also demonstrated in the general 
tensor product decomposition of two chiral primary i-BPS operators by an analysis of the 



corresponding three point functions for = 2 and A/" = 4 0. Recently we also 
showed the necessary existence in the operator expansion for two [0, 2, 0] chiral primary 
operators of families of such protected supermultiplets whose lowest dimension operators 
satisfied Aq = 4 + 1 where the spin representation was ^i) and which belonged to the 
[0,2,0], [1,0,1] representations for i even, odd. The conformal partial wave analysis in 
10] demonstrates that the associated supermultiplets do not have the full range of scale 
dimensions, and also spins, expected for a long supermultiplet. 

In this paper we reanalyse the possible shortening conditions consistent with super- 
conformal symmetry directly from the superconformal algebra and attempt to provide a 
unified treatment of different possible cases. We reproduce well known results for finding 
short supermultiplets when the lowest dimension operator satisfies BPS like conditions. If 
the BPS conditions are applied for both the Q and Q supercharges then the lowest di- 
mension operator must be spinless, j = j = 0. There are also various so called semi-short 
supermultiplets, depending on the SU{4)ji representation of the lowest dimension state, 
which may occur at the threshold of the unitarity bound, A = Aq. In these examples 
the semi-shortening conditions may be applied for both the Q and Q supercharges for 
arbitrary spin representations (j, j) and then the maximum scale dimension in the super- 
multiplets is Aq -|- n, n = 4, 5, 6, 7 with the total number of states involving a factor 2^*^. 
We also consider multiplets in which the semi-shortening condition is applied to the Q 
supercharges while for Q there is the full BPS shortening condition, and vice versa. The 
lowest dimension state then has spin (j, 0) or (0,j). 

The structure of superconformal multiplets and possible shortening conditions has 
been extensively investigated previously by a variety of methods, in particular by using 
harmonic oscillator methods [15,1^ and harmonic superspace [17,18,1^. Here we construct 



the supermultiplets directly from the superconformal algebra and also determine the spins 
and /^-symmetry representations for the various fields present in supermultiplet which 
may contribute in a conformal operator product expansion. We attempt to give a unified 
description of possible short and semi-short multiplets including special cases where there 
are conservation equations or equations of motion. The particular cases depend on the 
fraction of the total number of supercharges for which the shortening or semi-shortening 
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conditions are applied. We also show how a long multiplet at its unitarity threshold may 
be decomposed in general into four semi-short multiplets although for a spinless lowest 
dimension state one is a |-BPS multiplet. 

In A/" = 4 supersymmetric gauge theories, except for ^-BPS multiplets and one partic- 
ular case for ^-BPS multiplets, then even if fields are part of short or semi-short multiplets 
in the free theory there is no guarantee that there could not be a non zero anomalous 
dimension in the interacting theory for non zero g since they may all be components of 
a long supermultiplet. It is a non trivial exercise, not attempted here, to see how the 
spectrum of free field operators may be combined into different supermultiplets which may 
then be used to construct possible long multiplets. For the case of the Konishi scalar 
then the associated M = 1 superfield satisfies a differential constraint in the free theory, 
corresponding to a semi-shortening condition on the supermultiplet, which is related to 
the presence of a conserved current. However this superspace equation has an anomaly in 
the interacting theory, which implies the usual axial anomaly for the conserved current, 
and the addition of the anomaly ensures that there are then sufficient degrees of freedom 
to form a long multiplet which may gain an anomalous dimension. 



In our discussion an essential role is played by the Racah Speiser algorithm [20| for 
determining the different representations that may be formed when the supercharges act on 
a superconformal primary state. In general the corresponding Dynkin labels are obtained 
by adding the weights for the various supercharges to the Dynkin label for the supercon- 
formal primary state, although if one or more of the resulting Dynkin indices obtained in 
this way is negative then either the representation is replaced, up to a sign, by one with 
a Dynkin label with all indices positive or zero as usual or, as when one of the indices 
is —1, the associated representation is set to zero and is absent. This prescription allows 
a straightforward unification of the results for the different semi-shortening conditions. 
It also allows an easy understanding of when the fields satisfy conservation equations or 
equations of motion. A simple introduction to the Racah Speiser algorithm is given in an 
appendix. In special cases with this prescription a semi-short multiplet reduces to a short 
multiplet. 

In detail in this paper in the next section we review the conformal algebra and describe 
briefiy how unitary positive energy representations are constructed from conformal primary 
states. In particular we relate the states formed by the action of field operators on the 
vacuum to the finite norm positive energy states, as defined by an operator H, in the usual 
mathematical treatment. The eigenvalues A of if correspond to the scale dimensions of 
the fields as given by the dilation operator D (although D is hermitian it has eigenvalues 
zA). In section 3 we review the superconformal algebra in four dimensions and relate 
the generators of the U(2)fi and SU{A)n i?-symmetry groups for A/" = 2 and A/" = 4 
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to those in the standard basis associated with simple roots. In section 4 the M = 2 
supermultiplets and the corresponding BPS and semi-shortening conditions analysed. It 
is shown how constraints such as conservation equations arise from the supersymmetry 
algebra. The SU{2)fi and spin representations which arise in various supermultiplets are 
described pictorially. The case when a long multiplet can be decomposed as a semi-direct 
sum into short multiplets is described. The same analysis is repeated in section 5 for 
the A/" = 4 case although there is a greater range of possibilities due to there being BPS 
conditions for a fraction s = of the supercharges. There is a similar set of 

cases for the semi-shortening conditions and these can be applied independently to the 
action of the Q and Q supercharges. A general long multiplet at the unitarity threshold is 
decomposed into semi-short multiplets, if the initial state is spinless this includes a |-BPS 
multiplet. In section 6 we discuss some special cases which arise for small representations 
when the Racah Speiser algorithm gives rise to negative contributions in the multiplet. 
The presence of such terms is identified with the requirement for imposing equations of 
motion or conservation equations on particular fields. We relate the results obtained here 
to specific supermultiplets which have been found by different methods previously. Finally 
in section 7 we discuss the implications of our results for the spectrum of operators in 
Af = 4 supersymmetric gauge theories, in particular when operators which belong to a 
short or semi-short multiplet may be expected to have protected scale dimensions. Some 
details are deferred to three appendices. In appendix A we show how the usual two point 
function may be obtained algebraically using essentially just group theory. In appendix B 
we describe the Racah Speiser algorithm for decomposing tensor products while appendix 
C contains some tables of representations for short and semi-short multiplets. 



2. Conformal Algebra 

In d dimensions the conformal algebra is well known, for rjab = diag.(— 1, 1 . . . , 1) 
where a,b = 0,1, . . .d — 1, 



where Pa, Ka are the generators of translations, special conformal transformations, Mah = 
—Mba are the generators for SO{d —1,1) and D is the generator of scale transformations 
and other commutators not shown are zero. The algebra corresponds to that for SO{d, 2) 



[Mab, Med] 
[D,Pa] 



KVacPb - VbcPa) , [Mab, K^] = i{VacKb - VbcKa) , 

KVacMbd - VbcMad - VadMbc + VbdMac) , 

iPa , [D, Ka] = -iKa , [Ka, Pb] = -2iMab - 2ir]abD , 



(2.1) 
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since defining Mab, A, B = 0,1, . . . ,d + 1 hj 



Mab= \ ^{Pb-Kb) D I , (2.2) 



2 

then (|2.1|) is summarised by 



[Pb + Kb) -D 



[Mad. Mcd] = KvacMbd - VbcMad ~ VadMbc + VbdMac) , (2.3) 

with rjAB = diag.(— 1, 1 . . . , 1, — 1). For physical apphcations we require unitary, so that 
Mab^ = Mabi positive energy, where the energy is determined by 

H = Mod+i = -UPo + Ko), (2.4) 

representations. 

Acting on a multi-component quasi-primary field Oi{x) we have 

[Pa, Oiix)] = idaOiix) , [D, Oiix)] = i{x-d + A)Oiix) , 

[Mab. Oiix)] = i{Xadb - Xbda)Ol{x) + O J {x) {s ab)-^ I , (2.5) 
[Ka, Ol{x)] = lix^da - 2Xa X-d - 2Ax„)0,(x) - 20 J (x) (s ab) ' I , 

where {sab)^j are the appropriate finite dimensional spin matrices, obeying the algebra of 
Mab, and A is the scale dimension. For such a quasi-primary field we define 

\O)i = Ojm0) (2.6) 

set of conformal primary states satisfying 

Ka\O)l = 0, D\0)l=lA\0)l, Mab\0)l=\0)jiSab)^l. (2.7) 

The space of states, on which the conformal representation is defined, is then spanned by 
vectors of the form 

n^«"i^)^- (2-8) 

n 

For the conjugate field given by Oj{x) = Oi{x)^ we may also define 

r{O\ = {0\Or{0). (2.9) 

which satisfies 

l{d\Ka = , i{d\D = -iA r{d\ , i{d\Mab = {Sab)/ j{d\ , {Sab)/ = (Safe)-"/* . 

(2.10) 
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The relation to the standard treatment of unitary positive energy representations is 
obtained by a similarity transformation. With a = 1, ... (i — 1, 



(2.11) 

for H given by ( |2.4|) and where 



S\ = Md+ir±iMor, r = l,...d, S'r = SV ■ (2.12) 
These have the commutators 

[£-r,£+s]=25rsH -2iMrs, [H,£\]=±£^,, [£+r,£+,]=0, (2.13) 

with Mrs generators for the compact SO{d) subgroup given by ( p.3| ) with rj^s = 5rs- 
If we now define 

\A)i = e-^^°''\0)i, i{A\ = jiOle-^^^" (2.14) 

then from (|2.71),( |27TOD and ( |2.11| ) it is easy to see that 

H\A)i = A\A)i , £-\A)i = , Mrs\A)i = |A) j(S,,)-^, , 

- (2.15) 
j{A\H = Aj{A\, j{A\£%=0, j{A\Mrs = iKs)i' 

where Srs and Srs are matrices representing Mrs given by 

Sab = Sab, Sda = -iSOa, Sab = Sab , ha = iSQa ■ (2-16) 



Corresponding to ( p.8|) we have a basis for a positive energy representation space given by 
n„^^"r„|A)/. These states are normalisable, 

j{A\A)i = Nn. (2.17) 

where = [Njj] is a positive definite matrix satisfying 

N~^SrsN = Srs- (2.18) 



The corresponding states defined in (|2.6| ) and ( p.9|) are not normaliseable, unless O is the 
identity and A = 0. The lack of a finite norm for \0)i is of course necessary for the 
hermitian operator D to have imaginary eigenvalues in (|2.7[ ). For subsequent discussion 
it is more convenient to use the non-normalisable states formed by the action of quantum 
fields at X = although this is entirely equivalent to a discussion in terms of states with 
finite norm. In appendix A we show how the standard two point function for the field 
operators can be recovered algebraically from ( |2.17| ) using ( |2.15| ). 
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3. Superconformal Algebra, Four Dimensions 

As is well known the conformal group in four dimensions may be extended by including 
supercharges Q*q,, Qi^ and also Si", 5"*", i = 1, . . .jV, so as to realise the Lie superalgebra 
for SU {2^2\M). The usual supercharges satisfy 

and their superconformal extensions 

while the anti-commutators of the Q's and the S"s are 

{Q'a,S^''} = 0, {St,Qja} = 0, 

and also 
where 

Pad = (fT")adi"a , K"" = , 

In this basis the commutators for Mat reduce to 

[Mj^, M^^] = 5^^Mj - 5jM^^ , [M«^, M^] = -S'^gM^ + SyM'^s , (3.6) 
and acting on the supercharges we have 

Under the action of the generator of scale transformations we have 

[Z), Q a] = a ' [-^' Qict\ ~ 2^Qi6t -i Si ] = —-^iSi , [Z), S' ] — —■^iS '^ , 

(3.8) 

and also we have 

[Ka,Q\] = - {<^a)aaS'"^ , [Ka,Qia] = Si'{<7a)aa , (3.9a) 

[Pa, -S^"] = - {aaf^'Q'a , [Pa, St] = Qiai^af'' ■ (3.96) 
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(3.1) 

(3.2) 

(3.3) 

(3.4a) 
(3.46) 

(3.5) 



The remaining generators involve the U{M) i?-symmetry for which the Lie algebra is 

[R'j,R\]=5'',R\-5W,. (3.10) 



These act on the supercharges according to 

\Ftj^Q Q,] 5 jQ a -^5 jQ Q, , [RjiQkct] ^ kQjct jQkai W\ 

r D* C ctl ei o Q! I 1 ei o a r Tyi ofcdl efc oia 1 ei nka ^ ' 

For A/" = 4 it is evident that we may impose = so that the i?-symmetry is then SU{A) 
and the supergroup reduces to PSU(2, 2|4). 

As operators we also require the hermeticity conditions 

Q^a^=Q^d, ^°^=^^", M/t=M/3^, i?V=i?^i. (3.12) 



Applying the transformation ( ^.llj ) to the supercharges, using ( |3.9a, fc| ), we define 



-S-'^ = e-f ^od^^^e^^"-* = ^{S"^ - ao°°Q'a) , 
and the algebra (|3.4a, dj ) becomes 



(3.13) 



{Q+ a, Q"/} = 2 + 4 5*,M/ - 4 



(3.14) 



for M/ = e-^^O'^M/et^od^ m<^^ = g-f Mod^d^gf Mod_ addition we have 
{Q"^a,5^^d} = 2 5'j(e,.)adi^"'"r , 6,. = (a^, -icTo) , 



(3.15) 



and [H, Q±] = ±|Q^, = ±^5^. From the hermeticity condition (|J|) 

(Q+^a)^ = Q-^^ao/3d , (5+,^)t = aoo^pS-'^ , (3.16) 

and also {MJY = ao^^^M^^ cosce- With the conventional choice a"o = cro = litis clear 
that the chiral subalgebra given by {Q+^a, Ql", M/, R'j,H}, or {5"*", H}, 
are generators for 5'i7(2|4) and H has a positive spectrum. Finding the unitary finite 



dimensional representations of these subalgebras, with lowest energy states |A) satisfying 
as well as ( p.l5| ) Q~i"|A) = iS~*"|A) = 0, is a necessary preliminary subsequently for 
determining the unitary positive energy representations of the full superconformal group. 

In this paper we are interested in discussing just the physical cases of A/" = 2 and 
A/" = 4. For A/" = 2 we may simply write 

where R±, Rs form a standard SU{2) algebra and R corresponds to the generator of U {1)r. 
From (|3.11j ) it is easy to see that Q^a, Qia belong to i? = ^ representations since we have 

- - - - (3.18) 

[R+,Q2a]=0, [-R35 Q2d] = 2^2(3! , Q2d] = — Qld ■ 

For A/" = 4 we express R^j in terms of the generators of SU{4) in a Chevalley basis. 
For each simple root there is an associated SU(2) algebra given by -Ei^, if^, z = 1, . . . r so 
that r is the rank, which have the commutation relations 

[H„ Hj\ = , , E-] = S,jH^ , [H„ E/] = ±K^,E^^ , no sum on j , (3.19) 

where Kji are the elements of the Cartan matrix, Ka = 2. The generators for the non 
simple positive roots are obtained by appropriate commutators of the Ei^ , and for the 
corresponding negative roots from the equivalent commutators of the Ei~ , subject to the 
Serre relations, 

[i?,±,[...[i?,±,i?/]...]] = 0, i^j. (3.20) 
V ' 

The remaining commutators for any pair of generators are then determined using ( |3.19| ) 
and the Jacobi identity. For a compact group we may further impose the hermeticity 
conditions 

H,^ = H,, E,^^=E-, z = l,...,r. (3.21) 
For any representation space a convenient basis is then given by the eigenvectors of Hi 

Hi\Xi, A2, • • •) = Ai|Ai, A2, . . .) , (3.22) 

where the A^ take integer values. The representation is then uniquely characterised by the 
highest weight vector satisfying 

£;,+ |Ai,A2,...)^" = 0, A, >0, (3.23) 
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and the representation then has Dynkin labels [Ai, A2, . . .]. The remaining basis vectors 
|Ai, A2, . . .) for the representation are then obtained by the successive action of Ef on the 
highest weight vector. We may also note that 



Ei |Ai,A2,...) 



hw 







if 



A, = . 



(3.24) 



For SU{4), of rank 3, the Cartan matrix is 



[K 




(3.25) 



For this case we may satisfy ( p.lO| ) by taking 



/ l{3Hi+2H2+H3) Ei+ 

El- 1{-Hi+2H2+Hs) 
— [Ei~,E2~] E2~ 

\ [Ei~ , [i?2~ , E3~ ] ] — [i?2~ , E3~ ] 



[Ei+,E2+] 
E2+ 

■\{Hi+2H2-Hs) 
Es~ 



[Ei+,[E2+,Es+]] \ 
[E2+,Es+] 



E.+ 



-l{Hi+2H2+3Hs)/ 
(3.26) 

All commutators follow from ( |3.19D , ( |3.2UD and the Jacobi identity. The supercharges 



Q*a, Qia correspond to the [1, 0, 0], [0, 0, 1] representations and from (|3.11|) we then have 

(3.27) 



[Hi, Q\] — Q^a , 
[-^37 Qao] = Qacc , 



[H,, = , z = 2, 3 , , Q\] = , 

[i^z,Q4d] =0, z = 1,2, [E,+ ,Q4d]=0. 



Under commutation with Ej we have 



Q 



1 El ^2 ^3 -E3 ^4 

^ a. 1 



Q 



E3 



4d 



Qsd Q26i ~ 



Qla ■ (3.28) 



In general SU{4) representations with Dynkin labels [Ai, A2, A3] have dimensions 



rf(Ai,A2,A3) = ^(Ai + A2+A3 + 3)(Ai + A2+2)(A2 + A3 + 2)(Ai + l)(A2 + l)(A3 + l). (3.29) 



4. Superconformal Representations, J\f = 2 



We consider superconformal representations in which the lowest dimension states be- 
long to a SU{2)fi representation, with ^7(1)^ charge r, which is formed by the action of 
R- on a highest weight SU{2) state \R, r)^^ satisfying 

i?+|i?,r)^"' = 0, i?3|i?,r)^"' = i?|i?,r)^"', r)^'' = r|i?, r)^"^ . (4.1) 
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For the consideration of spin we here also adopt a spinorial basis for the (j, j) representation 
given by 

l-R? ''')ai...a2j,di...d2j I -^5 ''') (ai . . .a2j ) , (di . . .d2j ) • (4-2) 



Under the action of the spin generators M^P ^ M^^a, defined in (|3.5|) , the states given by 
( [4 .21 ) transform according to 



j.yj.Qi |-"'5'/ai...a2j,ai...a2j jV (,Q!i |-"'5'/Q!2---Q!2jjQ!,Q!i---CK2j | -"-5 ' / oii...ct2j ,oii...ce2j J ' 

M d I-R5 ^)ai...a2j ,di ...d2j J ^) oti...a2j ,a-{cti ■..oi2j-l^ <i2j) ^ d | -R5 ^) ai . . .a2j ,di . . .d2j ) • 

(4.3) 

The representation formed from states satisfying (|4.1|) and (^]^) is labelled R{jj)- 



A highest weight conformal primary state is then required to satisfy from (|2.7| ) 



K \B r)^"" ■ ■ =0 D\B r)^^ ■ ■ = iA\B r)^"" ■ ■ (4 4) 

In addition from ( |3.8| ) we must impose 

Si^lR^r)^ = >§*"|-R, T))^Y...a2i,di...d2j = 0, (4.5) 

for this to the lowest dimension in the supermultiplet and to be a superconformal primary 
state. 

A basis for the full representation space is then provided by acting on states satisfying 
( ^^) and (^^51), as well as (|4.1|) , with R-,Pa and the eight supercharges Q^ce, Qka- The 
set of states Si j 

n (Qa)"^"(Q.d)''''ii2,r)^T...«,,,.,..«,,, n,„,nfc„ =0,1, (4.6) 

for / = X]ia^j«' ^ ~ J2ka^k6ij = 0,1,2,3,4, and for some appropriate ordering 
of the Q and Q supercharges, form, together with those obtained by the action of 
a basis for a vector space j. For all states in j the scale dimension is A + ^(/ + 
I) while the U{l)fi charge is r + ^{l — I). Acting with using ( |3.9a|) and (|3.4a, 6|) , 



(P) with (0), (P), Vu ^ V,_ij_i and K„V;,o = 0, K^Vqj = 0. For general A any 
state ( [4.6| ) in 5; ^ is a conformal primary state, annihilated by Ka, if / = or / = or 
becomes a conformal primary by the addition of a suitable combination of states in Vi_i i_i 
acted on by the momentum operator. The states belonging to Vi j may be decomposed 
into representations for SU{2)^ and spin. According to the Racah Speiser algorithm the 
resulting representations R'l^ji are obtained by adding the weights associated with each 
supercharge, from ( |3.1(j| ), 

Q^a~ 1(^1 0)5 ~ (-l)(±i,0) ' <32d ~ ^(o_± 1) , Qld ~ (-|)(o,±l) , (4-7) 
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to -R(jj), so long as all R',j',j' > 0, for all possible Uia^nka consistent with fixed 1,1. 
Thus the SU{2)fi representations are then given by every R' = R + ^ X]a("'ia ~ ^2a) — 
I ~ ^2d)- Altogether there are therefore in general (|) (^f) representations R'{^ji 

If one or more of the resulting R',j',j' are negative then, according the Racah Speiser 
algorithm which is discussed more fully later, there is a simple recipe for cancelling such 
representations. The four Q*q, supercharges by themselves acting on a representation R(jj) 
give 

(«-5)u±4j) fi(.±..J).«w,» (R-ihi±i.!> 

corresponding to / = 0,1,2,3,4, T = 0, so long as i? > 1, j > 1. The action of the Q 
supercharges is given by the conjugate of ( [4.81 ). 

A general long supermultiplet, denoted by ^^-^ is obtained by the application of 
all 8 supercharges Q^q,, Qi^ to a highest weight state satisfying ( [4.1|) and with U{2)fi and 
spin quantum numbers R,r,j,j. The representations belonging to V;,o are given by ( ^7^ ) 
and those forming V; [, / > may then be obtained by applying the conjugate of ( ^78| ) for 
all representations in V^^o- Since there are no constraints it is straightforward to see that 

dim^^^,(^.^-) = 256(2i?+ l)(2i + 1)(2J+ 1) . (4.9) 

For a unitary representation we must have in this case [|| 

A>2 + 2j + 2R + r,2 + 2j + 2R-r. (4.10) 



For a truncated representation we may impose the BPS-condition if j = 0, 

Q'o|^,r)^w .^^ =0. (4.11) 

In this case we must impose consistency with the result ( p.4a| ) for the anti-commutator 
{Q^a, Sf} and with (g^) and (g^), since the state is annihilated by M^P, it is easy to see 
that this requires 

A = 2R + r. (4.12) 
For the Q charges the corresponding condition, if J = 0, is 

<52a|i?,r)^7...,,^, =0, (4.13) 

which gives instead from ( p.46|) 

A = 2R-r. (4.14) 
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With ( [4 .111) or ( [4 .131 ) the multiplet is generated using only Q^q, or Qi^ so that / = 0, 1, 2 



or / = 0, 1, 2. The foUowing representations are then obtained for the action of the Q or Q 
supercharges, 

^(0,1) J) ^ (^-l)(oj) , ^0,0) ^ (i?-l)(j-,o) , (4.15) 

with dimensions 8-R(2j+ 1), 8R{2j + 1) in each case. 



If ( 4.11|) holds for both Q\ and Q^a then it is necessary that R = and A ~ r. 
Conversely for i? = ( [4.11| ), using ( |3.18| ), implies the corresponding result for Q^a- 

Reduced supermultiplets may be obtained by applying shortening conditions to the 
action of the Q or Q supercharges or both. Imposing just (^l.llj ), and hence requiring 
( [1.12|) , we may construct an asymmetric supermultiplet, using the conjugate of ([4.8|), 
which is denoted by S/j ^(oj)- This can then be represented by the diagram, corresponding 
to / = 0,1,2, 1 = 0,1,2,3,4, 



A 

2R+r i?(o,j) 



\ 



/ \ / \ 



{R+h 



\ X \ / \ 

2i?+r+2 (^-i)(o„-±i).(o.j),(o„-) rs-it"^^^ ^(OJ) 

(«-2)(o,j) 

\ / \ X 

2i?+r+3 (i?-l)(oj) 

r r+1 ^+1 ^ ''"i 
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where ^ corresponds to the action of the Q supercharges and \ to Q. The dimension in 
this case is given by 

dimi3fl,,(o,j) = 128i?(2j+ 1) . (4.17) 

Unitarity here requires 

r>J+l. (4.18) 

We may similarly construct the conjugate supermultiplet Bji^r{j,o) with, instead of ( ^1.18|) , 
— r > j + 1 and the lowest scale dimension given by ( [1.14 ) where 



dimB^,,(,. 0) = 128R{2j + 1) . (4.19) 



For R = 0, when the lowest state is annihilated by Q^a for both z = 1, 2 and the 
multiplet is generated solely by the action of the Q charges, we have a chiral multiplet 



0(oj) 



'^2 2(0J±1) 

\ 

f'+l O(oj±i).0(oj),l(oj) (4.20) 

\ 

'^2 2(0,j-±i) 

\ 



r+2 
r 



U(oj) 

r— ^ r— 1 r— I r— 2 



For unitarity we must have ( [4.18| ) in this case as well and 

dim^,(oj) = 16(2j+l). (4.21) 

Of course there is a corresponding conjugate chiral multiplet ^r(j,o)- 

Imposing the conditions ( 4.11 ) and ( [4.13| ) simultaneously requires r = and also 



j = J = 0. We may describe this Af = 2 short supermultiplet Br, generated by the action 
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of Q^, Qi as in ( [4.15| ), by the diagram 
A 



2-R -^(0,0) 













O 7~> 1 1 

2^+2 


[R 
/ 


1 \ 

~ 2J(i,0) 
\ 


[R 
/ 


1 \ 

" 2J(0,i) 
\ 


2R+1 


{R - l)(o,o) 
\ 


{R- 
/ 


\ 


{R 
/ 


2R+I 


{R- 


" 2^(0,1) 

\ 


(R 
/ 


~ 2J(i,0) 


2R + 2 




(R- 


-2) (0,0) 




r 


1 


1 

2 





1 
2 



It is easy to see that the total dimension of the representations in ( [4.22|) is 

dimiSi? = 16(2i?- 1) . (4.23) 



For J > it is also possible to impose conditions which lead to multiplet shortening. 
We consider the condition corresponding to the absence of the representations with spin 
(i ~\i3) ^-t the first level, 



>!2J 



(4.24) 



The necessary consistency conditions then arise from Si'^\R, r)^^ 

and we may easily find from ( p.4a| ) and ( |4.3| ) 



/ = 1,2. 



(4.25) 



- 1 + |A) - R\) \R, rfZ...o...,^....o.., = ' 
If we require ( [4.24|) just for i = \ then this gives 

A = 2 + 2j + 2i? + r , (4.26) 
and the action of the Q supercharges on the highest weight state gives the representations 



R 



(i?+|)(j+ij) %+ij),(jj) 



(4.27) 



with a dimension 8{R{Aj + 3) + j + l){2j + 1). If (|4.24|) is imposed for both i = 1, 2 then 
( [4.25| ) requires R = and A = 2 + 2j + r. Conversely if = the condition (^4.24| ) for 
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i = 1 implies also the i = 2 case by application of R-. Assuming ( 4.24 ) for i = 1,2 the Q 
supercharges give for general R 



(4.28) 



The dimension of these representations is 8{2R + + l){2j + 1). 
For j = the condition ([4.24|) is replaced by 



{Qr\R,r)i: 



hw 



0. 



(4.29) 



In this case 



The corresponding condition for j > is of course a consequence of 
conditions on representations appearing in the supermultiplet arise only at the second 
level. The necessary consistency conditions for ( 4.29 ) then follow from the requirement 

{Q^a, S[^}Q^p\R, r)ll,,^^^ = Q\{Q'p, S?}\R, r)^-_^^_ , / = 1, 2 . (4.30) 

Using (13^ with (|3j), (Q and ( |3Tl] ) then gives 

(5M-l + iA)-i2^,)|i?,r)^7. .,._ = 0. 



/ = 1,2. 



Taking ( [4.29|) to be valid for just z 1 we obtain 

A = 2 + 2i? + r. 



(4.31) 



(4.32) 



and, instead of (|4.27|) , the action of the Q supercharges on this highest weight state gives 



R 



Q 



(i?±i 



Q\ ^(ij),(oj) Q' 



(4.33) 



For both z = 1, 2 (|]2D requires = and A = 2 + r. Note also that ((5^)^|0, r) = also 
entails e"f^Q\Q^p\0,r) = {Q^)'^\0,r) = 0. 

If the semi-shortening conditions ( [4.24| ) or ( [4.29| ) are applied to a superconformal 
primary state, with scale dimensions given by (|4.26|) or (|4.32|) , then together with the 
action of the Q supercharges, given by the conjugate of ([4.8|), leads to a supermultiplet 
r{jj) with 

dimCfl,,(,-,-) = 128(i?(4i + 3)+j + 1)(2J+ 1) . (4.34) 
In a similar fashion we may impose the conjugate conditions to ([1.24| ) or ([4. 291) , 



hw 



2j,ai...a2j-ia 
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0, 3>0. 
0, J = 0, 



(4.35) 



giving for just i = 2 



2 + 2j + 2R-r, A = 2 + 2R-r, (4.36) 



in each case. The action of Q is then given by the conjugate of ( ^4.27| ) or ( |4.33D respectively. 



Requiring ( [4.35|) for z = 1, 2 is identical as above after taking R = 0. Assuming ( [4.35|) for 
i — 2 leads to a supermultiplet CR,r(jj) which is the conjugate of Cj^,r(jj)- 

If the semi-shortening conditions are applied for both the Q and Q supercharges then a 
semi-short supermultiplet denoted by CR{jj) is obtained. Assuming both (|4.24| ) and ( [4.35| ) 
then for compatibility of (|4.26|) and ( [4.36| ) r = j — j. Just as in in other cases we may 
easily construct a diagram displaying all representations that appear in the supermultiplet 
in this case by using ( [4.27|) and its conjugate to obtain those formed by the action of both 
Q's and Q's, 

A 

2i?+j-fJ-f2 R^^j) 

/ \ 



/ \ / \ 



^ \ / \_ / \ 
\ / \ / 

P -'^0 + i,J+i),(j + i,J),(j,j+i),(j,J) 

2i?-fi+J4-4 _ (/+^'^+^) 



(fl-l)0+i,,-±i) (fl-l)0±i,j+i) 



J-i+i J-i+i J-i+^ J-i J-i-i J-i-f 



(4.37) 
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For this case the dimension formula is 



dimCfl(,-,-) =32i?(4i + 3)(4j+3) + 32(j+J+f). (4.38) 

For j = J = there is no restriction on the representations appearing at the first level. 
If i? = we may impose both the conditions ( ^4.24| ) and ( ^4.35| ) simultaneously for 



1,2. In this case compatibility with (|3.1| ) requires that we have 



-P \^tJ J )aai ...a2j-i ,Q!Qi •■■ci2j-i ^' (4.39) 

where A = 2 + j + J for this state. This is of course a generalised conservation equation. 
The full multiplet Co(jj) is then described by 

A 

/ \ 

^^^'^^ ho+hj) ^(jj+i) 

X \ ^ \ 

j+1+3 Oy+ij, ly+i, j+i), 0,^+1 j+j, Ooj+i, (4.40) 

\ ^ \ / 

\ y 

Oo+iJ+i) 

Every state satisfies a generalised conservation equation akin to ( [4.39| ). Taking into account 
these constraints the dimension is still given by ( [4.38|) for = 0. If j = then it is 
appropriate to impose ( [4.29| ) and ( [4.35| ) for i = 1, 2. In this case ( |3.ip leads to 

P""Qa|0,j)aa,...a2j„i =0, (4.41) 

which leads to the conservation equation holding for all representations R{j,j) in the 
multiplet with j, J > 0. A similar result of course holds if J = 0. If j = J = then applying 
(g) and ( p:35|) for i = 1, 2 gives 



P""[Q'a,Q,a]|0,0) = 0, (4.42) 
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which imphes that the conservation equations apply first at the second level. This mul- 
tiplet, in which the lowest dimension state has r = and A = 2, contains the conserved 
currents for U{2)fi symmetry as well as the conserved energy momentum tensor and was 
first constructed by Sohnius [^. Counting states gives a dimension of 24 in accord with 



At the unitarity threshold given by ( |4.18| ) we may apply (|4.35| ) to reduce further the 



supermultiplet displayed in ( [4.16 ) giving an asymmetric multiplet which we denote by 



2R+J+1 R^oj) 



/ \ / \ 

^^^^^^ '"t^;^:*"' <«-^)'»-« 

\ / \ / 

\ / 

2i?+J+| (i?-f)(oj+i) 

r 1+2 J+f J+1 J+i 3 j-\ 



In this case 



dim r'i?(o,j) = 16(4i? - 1) (2J + 1) + ?,2R . {AAA) 



We may clearly also define a conjugate multiplet I^i?(j,o) if — r = j ' + 1 whose dimension is 
the same as ( [4.44| ) with j j. 

For chiral multiplets, where the lowest dimension states have R = and satisfy 
Q^a\0T'>^)ai...a2j = or Qid 1 0, t) q,^ . . = for z = 1,2, we may also impose the semi- 
shortening conditions ( [4 .351 ), for A = r = 1 + J, or ( [4 .241 ), for A = — r = 1+ j respectively. 



For compatibility with ( |3?T| ) these states must satisfy a generalised Dirac equation, so that 
in the latter case we have 

P""|0,-l-j%„,...a,^„, =0. (4.45) 
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Taking j = j the reduced chiral multiplet and its conjugate are represented by 
A 

j + 1 Oo-,o) 0(o,j) 

/ \ 



j + 2 0(j+i^o) 0(o,j+i) 

For a (j, 0) or (0, j) field obeying the Dirac equation there is one degree of freedom so that 
each multiplet in ( [4.46|) has dimension 4. If j = the lowest state satisfies P^|0, ±1) = 
although at higher levels the states satisfy the generalised Dirac equation. This describes 
the standard M = 2 vector supermultiplet, whose lowest dimension state is a massless 
scalar with scale dimension 1. 



The semi-short supermultiplet CR{jj) represented by (|4.37D occurs at the threshold of 



the unitarity bound (|4.10|) . It is interesting to consider how a long supermultiplet ^ 



decomposes at this point. For j,j> it can be written as a semi-direct sum of semi-short 
representations, 

For J = we have 

^-iul) ^ ^«0-0) © 4+10-1,0) © © ^fl+|0-i,o) , (4.48) 

and for j = J = the decomposition of A becomes 

"^S(o,o) - ^R(o,o) © ^^i?+i(o,o) © ^i?+i(o,o) © , (4.49) 
which involves a short BPS representation. We also have 

13rj+i(oj) ^ 1^R(o,j) © ^^i?+i(oj-i) , ^i?,i(o,o) - T^Riofi) © , (4.50) 

together with their conjugates. In each case the last term represents an invariant subspace 
for the long multiplet. These decompositions are consistent with (^^), ( ^4.38| ), ( ^4.17|) , 
( [4.191) and ([4.23| ). Both (|4.47|) and ( [4.49|) are valid for i? = when the lowest dimension 



multiplet contains conserved currents. We note that ( [4.48|) and ( [4.49|) are special cases of 
( ^^ ) with the use of 



(4.51) 



2 
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If the semi-shortening condition is apphed to just the action of the Q or Q supercharges, 
so that only one of the bounds in ( ^4.10| ) is saturated, then instead of ( |4.47| ) we have 

-^ZTjjr' ^ ^R^rUj) © J) , (4.52) 

together with its conjugate. Note that C^^(_i j) = ^.(oj)- 



5. Superconformal Representations, AT = 4 

For the N" = 4 case the discussion of possible supermultiplets is essentially similar to 
M = 2. Instead of a spinorial basis as in (^4.2| ) we now write 



y- -Js ; ' L "J \J- -J3, 

which satisfy ( |3.6| ) subject to the usual commutation relations for the J±, J3 and J±, J3 gen- 
erators of SU{2)j and SU{2)j. The standard basis states are then given by \k,p, q; m, m), 
labelled by the eigenvalues /c, p, qof Hi, H2, for SU {4)r and m, ifi of J3, J3. The highest 
weight states then satisfy 

= J+|fc,p,Q;i,j)^- = J+|fc,p, j, J)^- = 0, (5.2) 



as well as the analogues of ( ^4.4| ) and (^]^) for this to be the lowest dimension conformal 
primary state of a supermultiplet. The representation defined by (|5.2| ) is here denoted by 

The supermultiplet is generated by the action of the supercharges Q^q,, Qid on the 
state with lowest scale dimension A. The supercharges have weights, corresponding to the 
change in the eigenvalues of Hi and J3, J3, which are, from ( p.27| ) and (|3.28| ), 



Q^a ~ [1,0, 0](±i 0) , Q^a ~ [-1, l,0](±i 0) , Q^a ~ [0, -1, 0) , Q'^a ~ [0, 0, - 1] (± 1 q) , 

Qla ~ [-1, 0, 0](o,±i) , Q2a ~ [1, -1, 0](0.±i) ' Qsa ~ [0, 1, -l](o,±i) , Q^a ~ [0, 0, l](o,±i) , 

(5.3) 

which define the weights of all the Q and Q supercharges so that Q\ and Q41 are the 
highest weight operators of the [1,0, 0](-i g) and [0,0, l](o,i) representations of SU{4)ii® 
SU{2)j ® SU{2)j. A long supermultiplet is generated by the unconstrained action of the 
16 supercharges on the lowest dimension state, in a similar fashion to (|4.6D. For the Q 



supercharges acting on a general multiplet [/c,p, we have according to the Racah- 

Speiser algorithm generically all possible [/c',p', <?'](j'j') obtained by adding the weights in 
( p73|) for each supercharge. The action of the supercharges then leads to all representations 
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with J/) as the highest weight, so long as k' ,p' ,q' , f are all positive or zero. 

If any of k' ,p' ^q' ^ j' become negative the appropriate prescription is given in the next 
section. In general the representations which appear are described by 



[fc,p,(7-l],[fc-l,p+l,g] 1 J) 

[fc+l,p,(7-l],[fc+l,p-l,(7+l],[fc,p+l,(7],[fc,p-l,g],[A;-l,p+l,(7-l],[fc-l,p,(7+l] (j±i,j) 
[fc+2,p,g],2[A;+l,p,g-l],2[fc+l,p-l,g+l],2[fc,p+l,g],2[fc,p-l,g]{,. J) 
2[A;-l,p+l,g-l],2[A;-l,p,g+l],[fc,p,g-2],[fc,p-2,g+2],[A;-2,p+2,Q](j.,-) 



[fc+l,p-l,(7],[fc,p+l,<2-l],[A;,p,(7+l],[fc-l,p,(7]j^.^3 _) 
q3 [/c+2,p,g-l],[/c+2,p-l,q+l],[fe+l,p+l,g],[fc+l,p,g-2],[fc+l,p-2,g+2](^.^l__^ 

3[fc+l,p-l,g],3[fc,p+l,<j-l],3[fc,p,<}+l],3[/c-l,p,(j],[fc,p-l,(j-l],[A;,p-2,(j+l]j^._l_i _j 
[A;-l,p+2,g],[A;-l,p+l,g-2],[A;-l,p-l,g+2],[fc-2,p+2,g-l],[/c-2,p+l,g+l](^.^i _j 

[k,vM (j±2,j),[fc+2,p-l,g+l],[A;+l,p+l,(7-l],[fc+l,p,<}+l],[fc+l,p-l,(j+l](j-|-i,j) 
[fc+l,p-2,g+l],[fc,p+l,g-2],4[A;,p,g],[fc,p-l,g+2],[fc-l,p+l,g+l](,-±i,,-) 
[fc-l,p,g-l],[A;-l,p-l,g+l],[fc-l,p+2,g+l],[fc-2,p+l,q]{,-±i,j) 
[/c+2,p,g-2],2[fc+2,p-l,g],[/c+2,p-2,g+2](j.,-) 
2[A;+l,p+l,(7-l],2[A;+l,p,g+l],2[/c+l,p-l,g-l],2[fc+l,p-2,g+l](,. J) 

[A;,p+2,g],2[fc,p+l,5-2],6[fc,p,g],2[A;,p-l,5+2],[fc,p-2,g](,-,j) 
2[/c-l,p+2,g-l],2[A;-l,p+l,g+l],2[fc-l,p,g-l],2[fc-l,p-l,g+l](,-,-) 
[fc-2,p+2,g-2],2[fc-2,p+l,g],[fc-2,p,g+2]{,-,j) 

[A;+l,p,g],[fc,p,q-l],[A;,p-l,g+l],[A;-l,p+l,g]|.^.j_3 _j 
q5 [fc+2,p-l,g-l],[fc+2,p-2,g+l],[fc+l,p+l,g-2],[fc+l,p-l,g+2],[fc+l,p-2,g](.^l__^ 
^ 3[/c+l,p,q],3[fc,p,g-l],3[fc,p-l,g+l],3[fc-l,p+l,g],[fc,p+2,g-l],[fc,p+l,g+l](^.^i _j 
[fc-l,p+2,g-2],[fc-l,p,g+2],[A;-l,p-l,g],[fc-2,p+l,g-l],[fc-2,p,g+l](^.^l _j 

[fc+l,p,g-l],[fc+l,p-l,i7+l],[fc,p+l,(7],[fc,p-l,<}],[A;-l,p+l,i7-l],[fc-l,p,i7+l] (j±i,j) 
[/c+2,p-2,g],2[fc+l,p,g-l],2[fc+l,p-l,g+l],2[A;,p+l,g],2[/c,p-l,g](,-.j) 
2[fc-l,p+l,g-l],2[fc-l,p,q+l],[fc,p+2,g-2],[A;,p,g+2],[fc-2,p,g](^,,-) 



[fc+l,p-l,g],[A;,p+l,g-l] 



(i±i,J) 



[A;,p,(7+l],[fc-l,p,g]^^._l_ 1 _j 



[A;,P,q](jj) . (5.4) 

At each level / there are (^) representations of 5'f/(4)fl ® SU{2)j ® SU{2)j. The total 
dimension of this module is 2^ times the dimension of the lowest dimension representation. 
Defining k = k + l,p— p + 1, q = q + l and = 2j + 1, jf = 2J+ 1 this becomes, with 
the SU{4:) dimension formula given in ( p.29|) , 

2^d{k,p,q){2j + l){2j + l) = — kpqCk + p){q + p){k + p + q)J J . (5.5) 

For multiplet shortening we consider BPS conditions of the form 

Q'a\k,p,q;j,j)''^ = 0, a = 1,2, (5.6) 
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which restricts the representation content at level one and subsequent levels. Since, for 
the lowest scale dimension state, |/c, p, j, j)'^^ is annihilated by Sp then applying ( |3.4q| ) 
requires that the state must also be annihilated by McP or j = and then 

(5^ A - R\) I A;, p, q; 0, j)^" = , / = 1, 2, 3, 4 . (5.7) 



Using (|3.26| ) and (|3.22| ), ( |3.23| ), ( p.24| ) it is easy to see that there are the following solutions. 



where s is the fraction of the charges for which (p.6|) holds 



i = l s = i A= i(3A; + 2p + Q), 

z = l,2 s=i A=i(2p + Q), k = 0, 

i = l,2,3 s = | A = ig, k = q = 0, 

i = l,2,3,4 s = l A = 0, k=p = q = 0. 



(5.8) 



The last case of course corresponds to the trivial singlet representation. Conversely since 
from (|3.28| ) [Ei~ , Q\] = Q\ if /c = the condition ( |5^ ) for z = 1 implies the i = 2 case 



by virtue of (|3.24| ). Similarly if p = or p = q' = as well as /c = we have the BPS 
condition for z = 2orz = 2,3. 

For each case we may obtain the set of representations, analogous to ( |5.4[ ), obtained 
by the action of the supercharges on a lowest dimension state [/c,p, i?](o,j)- For the |-BPS 
case the six supercharges Q^a, = 2, 3, 4, give, for general k,p, q, 

r, 1 Q [k,p,q-l],[k,p-l,q+l],i 

['=-l,P+l,9](i 

Q^^ [A;,p-l,<}],[A;-l,p+l,i7-l],[A;-l,p,<}+l](i_j) 

lk,p,q-2],[k,p-l,q],lk,p-2,q+2],lk-l,p+l,q-l],[k-l,p,q+l],[k-2,p+2,q]^0,j) 

[fc-l,P,g](3_j),[fc,p-l,9-l],[A;,p-2,g+l](i__^ 
' [/c-l,p+l,g-2],2[fc-l,p,g],[fc-l,p-l,g+2],[/c-2,p+2,g-l],[fc-2,p+l,g+l]^i__j 

Q\ [fc-l,p,(7-l],[A;-l,p-l,g+l],[fc-2,p+l,g](i,j) 

[k,p-2,q],[k-l,p,q-l],[k-l,p-l,q+l],[k-2,p+2,q-2],[k-2,p+l,q],[k-2,p,q+2]^o,j) 

Q\ [k-l,p-l,q\^lj) 

' [fc-2,p+l,g-l],[fc-2,p,g+l](i _j 

^ [A;-2,p,q](oj). (5.9) 

In this case at level / there are (^) representations of SU{A)fi ® SU{2)j. The dimension 
of this module, which may be obtained by adding the dimensions of all representations in 
is, 

2^d{k-l,p,q)J - ^pq{p + q){3k + 2p + q-3)J . (5.10) 
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When the |-BPS condition is apphed the states are obtained just by the action of the 
Q^aiQ\ supercharges. According to (|5.8| ) we should set /c = in the lowest dimension 
state for this case but we allow for arbitrary k for subsequent appplication. The action of 
the supercharges then gives representations obtained by adding weights, 

^ [A;,p-l,g](i^j),[/c,p,(3-2](o,j) 

lk,p-l,q],[k,p-2,q+2]^0,j) 



[^,P,9](oj) 



[fc,p-2,(7+l]^i _j 

In (|5.11[) it is easy to see that there are now Q representations of SU{4) SU{2) j. The 
result (|5.11| ) is valid for k > 0, p, q > 2, restriction to other cases will be given later. The 
dimension for module given by (|5.11| ) is, 

2^d{k,p - l,q)J - ^kq{2p - 2f - 3)J . (5.12) 

For completeness we also note the |-BPS case which is obtained by the action of Q\ 
alone 

[k:P:q]ioj) — ' [k^P^q-^iij) — ' [^,P,9-2](oj) , (5.13) 
again generalising to arbitrary q, with dimension 

2^d{k, p,q-l)J+l kp{k +p)Ck + 2p + 3q - 3) J . (5.14) 



As in the M = 2 case there are further shortening conditions that may be applied for 
J > 0. We consider the constraint 

(q^2- 2^J-Q\)|fc,P,?;j,J)^" = 0. (5.15) 

Since J+ acting on this state gives zero, using [J_|_,(5*2] = this is clearly a state with 
spin (j — 1, j) and hence ( |5.15| ) is equivalent for A/" = 4 to ( |4.24D for A/" = 2. Applying 5";^ 
to this and using {^^ ^^2} = 45^-, [Si\ J_] = 0, {S^,Q\} = - \iD) + 4^, the 

condition (|5.15| ) leads to the constraint 

J- {5\ - 2^ ((j + \^)5\ - R\))\k, p, q- j, J)^'' = , 1 = 1, 2, 3, 4 , (5.16) 

which determines A. Since 5";^ = — [J+, Si-] it is clear that applying 5";^ to ( |5.15| ) does not 
give additional conditions. Again there are various cases according to the various possible 
choices i for which ( ]5.15| ) holds, 

i = l t=\ A = 2 + 2j + i(3A; + 2p + Q), 

i = l,2 t=\ A = 2 + 2j + i(2p + Q), k = Q, 



(5.17) 

1,2, 3, 4 t = l A = 2 + 2j , k = p = q = 0, 



i = 1,2,3 t = l A = 2 + 2j + ig, k = p = 
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where t is analogous to s in (|5.8|) . As discussed earlier p = requires that ( |5.15| ) for i 
implies i = 2, k=p = implies ( p.l5| ) for z = 2, 3 and /c = p = g = for z = 2, 3, 4. 

Applying the condition ( |5.15| ) just for z = 1 leads to the module 

^ [fc+l,p,g](.^l _,,[fc,p-l,g+l](^^l _j 
[k,p,q-l],[k-l,p+l,q]^._^l_^ 



j) 



[/c+l,p,(3-l],[/c+l,p-l,g+l],[/c,p+l,<}] (j_,_i,j),[fc,p-l,(3],[fc-l,p+l,g-l],[fc-l,p,g+l] (j±ij) 
[fc+l,p,g-l],[fc+l,p-l,i7+l],[fc,p+l,(7],2[fc,p-l,i7](j,j) 
2[/c-l,p+l,g-l],2[A;-l,p,g+l],[/c,p,g-2],[fc,p-2,5+2],[A;-2,p+2,5](,-,-) 

[A;+l,p-l,(7],[fc,p+l,g-l],[fc,p,(j+l]|.^.^3 __j,[A;-l,p,g] (j._|_3 j) 
[fc+l,p,g-2],[A;+l,p-l,g],[A;+l,p-2,g+2],[fc,p+l,g-l],[A;,p,g+l],A;-l,p+2,g](^.^i _j 
[fc+l,p-l,g],[/c,p+l,i7-l],[fc,p,g+l],[fc,p-l,g-l],[fc,p-2,5+l]|,^._l_ 1 _j 
[fc-l,p+l,g-2],3[fc-l,p,g],[fc-l,p-l,g+2],[/c-2,p+2,g-l],[fc-2,p+l,g+l](.^i _j 

[fc,P,9](j+2,j),[A;+l,p-l,(3-l],[fc+l,p-2,g+l],[fc,p+l,g-2],2[A;,p,i7](j + i_j) 
[/c,p-l,g+2],[/c-l,p+2,g-l],[fc-l,p+l,g+l](j + i.j) 
[fc,p,g],[fc-l,p,g-l],[A;-l,p-l,g+l],[fc-2,p+l,g](j±i,,-) 
[A:+l,p-l,g-l],[A;+l,p-2,g+l],[A;,p+l,g-2],3[fc,p,g],[fc,p-l,g+2],[A;,p-2,g](j,,-) 
[fc-l,p+2,g-l],[fc-l,p+l,g+l],2[fc-l,p,g-l],2[fc-l,p-l,g+l](,,j) 
[fc-2,p+2,g-2],2[fc-2,p+l,g],[fc-2,p,g+2](j,j) 



[A;,p,g-l],[/c,p-l,g+l],[fc-l,p+l,g] 



U + 4,J) 



[A;+l,p-2,g],[fc,p,g-l],[/c,p-l,g+l],[fc-l,p+2,g-2],[/c-l,p+l,q],[/c-l,p,g+2](^.^l__j 
[fc,p,g-l],[fc,p-l,g+l],[A;-l,p+l,g],[A;-l,p-l,q],[A;-2,p+l,g-l],[A;-2,p,g+l]^,^i _^ 

[A:,p-l,g],[fc-l,p+l,g-l],[fc-l,p,g+l](, + i,j) 
[A:,p-l,g],[fc-l,p+l,(7-l],[fc-l,p,q+l],[fc-2,p,(7](j,j) 

— ^ • (5.18) 

For this case there are (J) representations of SU[A)fi ® SU{2)j ® SU{2)j at level Z. By 
adding up the dimensions of all representations we find a total dimension of 

{2'd{k -\,p,q)[J+\)-± pq{p + (6 A; + 4 i) + 2 ^ - 3) + f ) 

+ \ pq{p + q){^kp + 2kq ^ pq + p^ + - 2))J . 

If ( ^.151) is applied for z = 1, 2 we obtain 



(5.19) 



Q ^ [A;+l,p,g],[A;-l,p+l,g](^.^i _j 
[fc ,p, g - 1] , [fc ,p- 1 , 9+ 1] j.^. j_ 1 _^ 

Q^^ [/c+l,p,(3-l] J/c+l,p-l,g+l] J/c,p+l,<}],[A;-l,p+l,(j-l],[A;-l,p,i7+l](j + i^j),[fc,p-l,i7](j-l-l_j) 

[fc+l,p,q-l],[fc+l,p-l,g+l],[fc,p,g-2],2[fc,p-l,g],[A;,p-2,g+2],[/c-l,p+l,g-l],[fc-l,p,g+l](,.,-) 

[fc+l,p-l,q],[/c,p+l,q-l],[fc,p,(j+l],[fc-l,p,i7]^^._^3 J) 



q3 [fc+l,p,q-2],[fc+l,p-l,g],[fc+l,p-2,Q+2],[/c,p+l,g-l],[fc,p,g+l] 1 



(J + ^,J) 



[fc-l,p+l,g-2],[A;-l,p,g],[fc-l,p-l,g+2]^,^l__j 
[A;+l,p-l,(7],[fc,p-l,<}-l],[A;,p-2,g+l],[fc-l,p,(7]^^._l_i _^ 
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^4 [fc>P,g](j+2,j),[fc+l,p-l,9-l],[fc+l,p-2,i7+l],[A;,p+l,<j-2](j + i^j) 

^ 2[fc,p,<}],[A;,p-l,(3+2],[fc-l,p,g-l],[fc-l,p-l,g+l](j_,_i_j) 

[A;+l,p-l,<}-l],[fc+l,p-2,(3+l],[fc,p,g],[A;,p-2,g],[A;-l,p,i7-l],[fc-l,p- 1,17+1] (j^^) 

[/c,p,g-l],[fc,p-l,g+l]^^._^3,_j 
[fc+l,p-2,g],[A;,p,g-l],[fc,p-l,(}+l],[A;-l,p-l,i7]^^._l_l _j 

[/c,p-1,q]0+i,,-). (5.20) 



Here there are representations of SU{4)r (g) SU{2)j ® SU{2)j at level /. The total 
dimension of all representations is 

(2^d{k,p- i q){J + l)-\ kq{4P 3){J + 1) 

. : . , . _ (5.21) 

+ I kq{k + 2p + q- 1){2 kp + 2 qp + 2p^ + kq-k-2p-q + 

With i = 1, 2, 3 we have 

r, 1 Q [fc+i,p,g],['i:,p-i,g+i]J's-i:P+i,g](j+ 1 

[fc,P,9-l](,.±l,j) 

Q^^ [fc+l,p,i7-l],[fc+l,p-l,<}+l],[fc,p+l,g],[/c,p-l,g],[A;-l,p+l,i7-l],[A;-l,p,i7+l](j + i^j) 
[fc+l,p,<}-l],[fc,p,<}-2],[fc,p-l,g],[/c-l,p+l,(j-l] 

[fc+l,p-l,g],[/c,p+l,g-l],[A;,p,g+l],[fc-l,p,(7](^._l_3 
' [fc+l,p,g-2],[fc+l,p-l,g],[A;,p+l,g-l],[fc,p-l,g-l],[fc-l,p+l,g-2],[fc-l,p,g]j^.^i _^ 

Q*^ [k,p,q](j+2,3) 

[fc+l,p-l,(7-l],[fc,p+l,(j-2],[A;,p,(7],[fc-l,p,g-l](j + i_j) 

^ [fc,p,Q-l](,.+ 3,,). (5.22) 
The dimensions here add up to 

{2^d{k,p,q- ^){J +^) + lkpCk + p){2k + 4p + 6q-3){J+^) 
+ 1 kp{k + p){2kp + 4kq + 8pq + 2p'^ + 6q'^ - 



Finally for i = 1, 2, 3, 4 in (|5T5|) 



r, 1 [fc+l,p,g],[fc,p,g-l](.^i__j ^ [A;+i,p,g_ i] JA;+i,p_ JA;,p+i,g] ^ .^^ _j 

^P^^\ij,j) ' [k,p-l,q+l,lk-l,p+l,q]^.^i^^^ ' [fc,p-l,g],[fc-l,p+l,g-l],[fc-l,p,g+l](, + i,,-) 



q3 [fc+l,p-l,(7],[fc,p+l,g-l](^^3_^-) Q 
[k,p,q + l],[k-l,p,q] 



[/c,P,?]o-+2j), (5.24) 



In this case the dimension formula is 



24(i(fc,p,g)(2j + 3)(2j+l) = ikpq{k + p){q + p){k + p + q){J + 2)J . (5.25) 
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Equivalent shortening conditions may be obtained for the action of the Q supercharges. 
Instead of (|5.6|) we may impose 



ad|fc,P,?;jj)^" = 0, d = l,2. (5.26) 
Consistency requires J = and then 

(5^4 A + R\) \k, p, q; 0, J)^" = , 1 = 1, 2, 3, 4 , (5.27) 



which leads to, corresponding 


to (pD, 






i = 4 


s = l 


A = 


i(/c + 2p + 3Q), 


i = 3,4 




A = 


i(/c + 2p), q = 0, 


i = 2,3,4 




A = 


i/c, p = q = 0^ 


i = 1,2,3,4 


s = 1 


A = 


, k = p = q = 



(5.28) 



For the semi-short case we may impose, corresponding to ( p.l5| ), 

{Qh + 2jtT'^-'5.2)|A;,P,g;iJ)'^" = 0, (5.29) 

and this leads to 



i = 4 t=\ A = 2 + 2j+i(A; + 2p + 3Q) 



3,4 t=\ A = 2 + 2j+i(/e + 2p), q = Q. 



i = 2,3,4 t = \ A = 2 + 2j+iA;, p = g = 0, 

i = 1,2,3,4 i=l A = 2 + 2J, k^p = q = 0. 



(5.30) 



For both the short and semi-short cases the action of the Q charges may be obtained by 
the conjugation of the results for Q given above. 

The above results, summarised in (|5.8| ) and ( |5.17| ), correspond to representations of 
the chiral subalgebra formed by {Q*a, Sj^, Mj^^ D}. Neglecting J which is irrelevant 
the long multiplet given by (|5.4|) may be denoted by 

^[fc,p,g]i ' (5.31) 

while for the BPS short multiplets we have, for j = 0, 

111 

^[fc,p,g]' ^[0,p,g]' ^[0,0,g]' (^-^^^ 

which correspond to (|5.9|) , (|5.11|) and (|5.13| ), and the semi-short multiplets are 

^[k,p,q]j' ^[o,p,g]j' ^[o,o,gb ' ^[o,o,o]j ' (^•^^) 
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corresponding to (|5.18|) for /c > 1, ( ^.201) for /c = 0, p > 1, ( |5.22| ) for k = p = 0, q > 1 and 



( p.24| ) k = p = q = respectively. At the unitarity threshold it is easy to then verify that 
the long multiplet may be decomposed as semi-direct sum 

2+2, + i(3fc+2p+g) _ 1 1 2+2j + l(2p+g) _ i i 

^[0,0,g]j''^ - ^[0,0,g]j ® , >to,0]j " ^[0,0,0]i ® ' (5-34) 

which can be checked with the aid of the various dimension formulae. These results also 
hold for J = if we make the identification, justified later, that 

i_ 1 



which is consistent with the dimension results ( |5.19[ ), for = 0, and ( [5.1C1| ). The first case 



in (|5.34| ) has also been obtained recently in |^ and BPS multiplets further discussed in 
12^ 



To construct all conformal primary states for complete supermultiplets it is necessary 
to combine the results for the Q and Q supercharges. The basic long supermultiplet is 
labelled in terms of its scale dimension and SU{4), spin representations for the lowest 
dimension state, 

^ip,i]UJ) ' '^^Kk,pMU,J) = '^''d{k,p, q){2j + 1)(2J+ 1) . (5.36) 

All conformal primary representations may be found with the aid of ( |5.4|) and its conjugate, 
applying this to each representation appearing in ( |5.4|) . If k,p or q are < 4 there will be a 
cancellation of representations according to rules specified later. For unitarity 

A > 2 + 2j + i(3/e + 2p + g), 2 + 2J+ + 2p + 3q) . (5.37) 

From the above it is simple to obtain the short supermultiplets where the shortening 
conditions apply only to the action of the Q supercharges while Q are unconstrained, and 
vice versa. The full supermultiplets are easily obtained from the results above and in 
consequence we do not consider further such cases here. 



If the conditions (|5.8| ) and ( ^.28|) are both applied we must have j = j = and we 
denote these short supermultiplets as ^^^^p g](o o)' ^^^^ compatibility of 

the formulae for A in ( |5.8| ) and ( J5.28D , that it is necessary that s = s if they are non zero. 
For s = s = l, k=p = q = 0, we must also have from (|3.1| ) Pa|0, 0, 0; 0, 0) = and of 
course this corresponds to the trivial vacuum representation. Otherwise only the two well 
known cases are possible, 

4;L(o,o)' A = p + 2g, (5.38) 
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and 



1 1 

» 2 ' 2 

^[0,p,0](0,0) 



p. 



For these multiplets the dimensions are 



1 1 

*^™^[0,p,0](0,0) 

[g,p,9](o,o) 



2^^(0,^-2,0) = ^p{p-lf{p-2 



2^^d{q -2,p,q) + '^ p{2p + 1) {2p - 1) {2q + p - 2) 



256 
3 



(5.39) 



(5.40) 



The ^-BPS multiplet corresponds to the chiral primary operators in A/" = 4 theories. The 
details of the representations for aU conformal primary states in the multiplet are well 



known, being first given in [jT5| and were described diagrammatically in a fashion similar 
to that for the Af = 2 case in 0. The representations of conformal primary states are 
obtained, as described above for a long multiplet, from ( pT9| ) or ( |5.4[ ) and their conjugates. 
Beyond the simple ^-BPS case the numbers of representations proliferate hugely. We list 
the self conjugate representations, of the form [q,p, q]e = [q,p, i^) which are generated 
by equal numbers of Q and Q supercharges, refered to here as diagonal. This are just the 
representations that should contribute to the operator product expansion of two chiral 
primary operators. For the ^-BPS and |-BPS cases the results for the scale dimension 
and associated representations are 



p 


p + l 


p + 2 


p + 3 


p + 4 


[0,P, 0]o 


[l,p-2,l]i 


[0,p-2,0]2 
[2,p-4,2]o 


[l,p-4,l]i 


[0,p-4,0]o 



Table 1. Diagonal representations in 



1 1 

' 2 



P,0](0,0)- 



2q + p 


2q + p + l 


2q+p + 2 


[q,P, q]o 


[q-l,p,q-l]l,[q-l,p+2,q-l]i 
2[q,p,q]i,[q+l,p-2,q + l]i 


[q-2,p+2,g-2]2,2[g-l,p,g-l]2,[g,p-2,g]2,[g,p,g]2 
[q-2,p,g-2]o,[Q-2,p+2,g-2]o,[g-2,p+4,g-2]o 
2[g-l,P,g-l]o,2[(j-l,p+2,g-l]o,[(?,p-2,g]o,3[(j,p,(}]o 
2[g+l,p-2,g+l]o,[g+2,p-4,g+2]o 



2q + p + 3 


2q + p + 4: 


[9-l,P,9-l]3,['J-3,p+2,g-3]i,[(j-3,p+4,i7-3]i 
2[g-2,p,g-2]i,4[g-2,p+2,g-2]i,[g-l,p-2,g-l]i 
6[g-l,P,9-l]i,[g-l,P+2,<j-l]i,4[g,p-2,g]i 
2[g,P,g]i,[9+l,p-4,g+l]i,[g+l,p-2,g+l]i 


[g-2,p,5-2]2,[g-2,p+2,g-2]2,2[g-l,p,g-l]2 
[g,p-2,g]2,[g-4,p+4,g-4]o,2[g-3,p+2,g-3]o 
3[g-2,p,g-2]o,[g-2,p+2,5-2]o,2[g-l,p-2,g-l]o 
2[g-l,p,i7-l]o,['j,p-4,i7]o,['j,p-2,i7]o,[g,p,g]o 


2q + p + 5 


2q + p + 6 




[g-3,p+2,q-3]i,2[g-2,p,g-2]i,[g-l,p-2,g-l]i,[g-l,p,g-l]i 


[q-2,p,q-2]o 



Table 2. Diagonal representations in B[qpq](^o 



oy 
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If p < 4 or p, q < 4 there are cancellations which will be considered later. 



If both the semi-short conditions (|5.17| ) and ( |5.30| ) are applied we obtain a semi- 
short supermultiplet ^[k p q\{j j) various t,t. The main possible examples, with scale 
dimensions for the lowest weight states, are given by 



1 1 

Qi- 4, 

[k,P,q\{3,3) 
1 1 

/7 4 ' 2 

^[fc,P,0](jj) 

i 3 
4 ' 4 



1,1 



[0,0,0] 



k-q = 2{j-j) 

k = 2{j-j), 
k = 2{j~j), 



A = 2+j+j + k+p + q, 

A = 2 + 2j+p, 

A = 2+j+j + k+p, 

A^2+j+j + k, 
A = 2 + 2j, 



[5.41) 



where other cases are obtained under conjugation 



" Cf'* ,1/- For the dimen- 



sion of C 4 ' 4 we have 



dimC|;J^j(^. = a(fc, p, q)JJ + h{k, p, q)J + k)J + c(fc,p, q) , 

a(/c,p, q) = 2^'^d{k- \,p,q - \) 

-'^p{k+p + q-l) (4P -f 4f + 8kp + 8pq + 8kq - 8k 
h{k,p, q) = 2^H{k-\,p,q) 
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+ 1) 



p(4p -I- 2q^ -t- 12Pp + 8kp^ + 12Pg + Qkq^ + 4p^q + &pq^ + 18^pQ 
- 6P - - - I2kp - 12kq - 9pq + l) , 
c(/c, p, q) = 2^^d{k, p,q)-^p{k + p + q) (2p + 2f + 4kp + 4pq + 4kq - 3) . (5.42) 



The dimensions for other examples may be obtained as special cases of (|5.42|) , thus 

1 1 

dimCj^p o](j j) is obtained by setting q = 0. In particular we may obtain 



dimCj;; = 2^2^(0, p - 1, 0)J{J + 2) + ^p{2p- l){2p + l){p + 2J + 2). (5.43) 



For Cfo; 

0,0] (j, J)' relaxing the constraint j — j, we have from imposing both ( |5.17| ) and ( |5.3q ), 
with the basis defined by (|5.1|), 



(4iJP2i + 2j P22 J- - 2jPn J_ - P12 J-J-) |0, 0, 0; = 



(5.44) 



which is equivalent to the conservation equation ( [4.41| ). Using ( |5.24| ) we may easily con- 
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struct the full supermultiplet in this case, 

A 



i+J+2 [0,0,0] 

/ \ 

^■+1+1 [l'0,0](,.+ i,,) [0,0, 



[0, 1, 0]o-+i,,) m o!^^'1'^"^?' [0' 1' 0]o-J+i) 



/ \ / \ / \ 

11.0.01,,,,,,, 

[0,0,0J(,+,,) [o,o,2]^^,4,^_4, [0,0,0],.,,,,,, [2,o,o],4,^_4, [0,0,0J(,,+2) 

\/\ / \/\/ 

[0,0, 'oo!"1'^"" m'iI'"'"!^ [1^0^0](,^.,,^,) 

\ X \ X \ / 

\ X \ / 

\ X 

i+J+6 [0,0,0]o+2.jf2) (6.45) 

For J, J > all representations correspond to conserved currents. It is easy to see that 

dimCfo^^, _^ = 2\J + ^ + 3) . (5.46) 

For J = J = this would correspond to the Konishi scalar in free theory, all states 
obtained for /,/ = !, 2, 3, 4 satisfy conservation equations, for I = 1 = \ there is a conserved 
vector curent. Such higher spin conserved currents (for 3 = 3 = \i they are described by 
symmetric traceless rank I tensors) are found in free field theories but should be absent 
in interacting theories0. There is a crucial difference with A/" = 2 for j = J = 0, described 



^ Higher spin currents in conformal theories have been considered by Anselmi [ p4[ and also 

in 
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by (|4.40 ), since the maximal spin in that case corresponds to the the conserved energy 
momentum tensor and there are no higher spin currents. 

As earher we hst the self-conjugate representations obtained by the action of equal 
numbers of Q and Q supercharges 



i + p + 2 


i + p + 3 


£ + p + 4 


[0,p,0], 


2[0,p,0]£+i,[l,p-2,l]f+i 

[l,p,l]^ + l,[l,p-2,l]£-l 


[0,p-2,0]f+2,3[0,p,0]f+2,[0,p+2,0]f+2,2[l,p-2,l]f+2 
2[l,p,l]^+2,[2,p-2,2],H.2,[0,p-2,0], 
[0,p,0]i,4[l,p-2,l]^,[2,p-4,2],,[2,p-2,2], 
[0,p-2,0]<?_2 



i + p + 5 


e + p + 6 


2[0,p,0],+3,[l,p-2,l]£ + 3,[l,P,l]£ + 3 

2[0,p-2,0]f+i,2[0,p,0]£+i,[l,p-4,l]f+i,6[l,p-2,l]£+i 
[l,p,l],+i,2[2,p-4,2]^+i,2[2,p-2,2],+i,[3,p-4,3],+i 
2[0,p-2,0],_.i,[l,p-4,l]^-i,[l,p-2,l]f-i 


[0,p,0],+4,[0,p-2,0],H.2,[0,p,0]f+2 
4[l,p-2,l]£+2,[2,p-4,2]^+2,[2,p-2,2]f+2 
[0,p-4,0]^,3[0,p-2,0]£,[0,p,0], 
2[l,p-4,l]£,2[l,p-2,l]£,[2,p-4,2], 


i + p + 7 


i + p + 8 




[l,p-2,l]£+3,2[0,p-2,0]f+i 
[l,p-4,l]f+i,[l,p-2,l]£+i 


[0,p-2,0],+2 



1 1 

' 2 ' 2 



Table 3. Diagonal representations in C^^ ^ ^^^i^ 



1 1 

The rather more lengthy result for ^[q'pg](i£ i^) is given in appendix C. 

If we apply the semi-shortening conditions together with ( |5.29| ), so that j = 0, 
we obtain supermultiplets denoted here by T>^^^^ ^j^^q jy The main case is 



i_ 1 

-T^ 4 ' 4 

^[fe,p,g](Oj) ' 



k-q = 2 + 2j.. 



1+j + k+p + q. 



(5.47) 



We may also allow t = |,| ifq = 0,p = q = respectively but = ^, | are not possible. 
Of course there are also the conjugate supermultiplets T'^^j^p o) ^ — i; t — i' |- 
We have 



dimPj'J^^j(, = biq.p, k-l)J + c(A;-l,p, q) 
dim:D|'J^^j(^.o) = h{k,p,q-l)J + c{k,p,q-l) 



(5.48) 



with 6, c given in ( |5.42| ) , and 



1 1 



dimP^f n^ = 2^2^(0,p, q - 1){J + 1) 



[0,p,g](j,0) 

_ 256 
3 

3 1 



p{{2p + 2q - 1) {Apq + 2f - 2p - 2q - I) J + {p + q) {4pq + 2f - 3)) , 

(5.49) 



dimPj'J^j^^. 0) = 21^(0, 0,q-l)iJ+l)- 256{{2f - 1)J + q) . 
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In ( |5.42| ) or ( ^.481) and ( |5.49|) we have not imposed the relations which determine J — J 
or J in terms of q given in ( p.41| ) or ( |5.47| ). 

Just as for A/" = 2 we may decompose the long supermultiplet ^ f^ - at the 
unitarity threshold given by ( |5.37|) . When both conditions in (15.37|) hold simultaneously 
we have, extending (|5.34| ), the semi-direct sum 



/|^2-j+3j+p+2g| 



k-q=2{3-j) 



[fc,p,g](j:j) 

•^[0,p,0](j,j) - '^[0,p,0]0-,j) 



•^[0,0,0] 



C 



1,1 



10,0,0] 

as well as, for j = J = 0, 



^[fc+l,P,g]0-ij) 

p 4^ 2 

[l,P,0](j-i,j) 

i 3 

^[l,0,0](j-l,j) 



1 1 

^ 4 > 4 

[k,p,q+l]{jj-^) 



1 1 

4 ' 4 

[fc+l,p,g+l](j-i 



1 1 

2 ' 4 

^[0,P,l](j,j-i) 

3 i 
p 4' 4 

^[o,o,i]0-,j-i) 



1. 1 

(^4'4 

^[i,P,i]0-i,j-^) ' 
'^[i,o,i]0-i,j-i) ' 



(5.50) 



.2+p+2g 
•^[g,p,g](0,0) 

•^[0,p,0](0,0) 

•^[0,0,0] (0,0) 



1 1 



9,P,9](0,0) 

1 1 

2 ' 2 

'-[0,p,0](0,0) 



C 



1,1 



[0,0,0](0,0) 



11 - 1 1 

^[Q+2,p,g](0,0) ^ ^[<7,p,g+2](0,0) 



1 1 

^4-4 



[5+2,p,g+2](0,0) 



-T) 4 ' 2 

^[2,p,0](0,0) 

1 3 

[2,0,0] (0,0) 



_ 1 1 

-T-) 2 ' 4 

^[0,p,2](0,0) 

- 3 1 

^[0,0,2](0,0) 



, K?4'4 

^[2,p,2](0,0) ' 
i_ 1 

»4'4 

'-^[2,0,2] (0,0) ■ 



(5.51) 



Note that, corresponding to (|5.35|) , we may identify 



11 1 1 11 11 

f4'4 ^7~)4'4 /^4'4 ^724'4 

[fc,P,g](i,-i) - '^[fc,p,g+l](j,0) ' ^[fc,p,g](-i,-i) - 



[A;+l,p,g+l](0,0) 



(5.52) 



which ensures that ( |5.51| ) is a special case of (|5.50| ). 

For A/" = 4 it is also of interest to consider the central extension which is obtained by 
letting in (|3.4a, fc| ) R^j R^j + \?>^jZ when the superconformal group is SU{2,2\A). The 
multiplet structure is unchanged but in (^78|), ( ^.17|) A ^ A — Z whereas in (|5.28|) , ( |5.30| ) 
A ^ A + Z. For short supermultiplets ^'\j^p ^j^q o) longer require s = s k = q \i 

s = s = \. As well as ( ^.38| ) and (|5.39|) we may consider 



i 3 
K?4'4 

'-^[fc, 0,0] (0,0) 



Z — — 2 ^ ' 



3 1 
^ 4 ' 4 



[0,0,g](0,0) ' 



(5.53) 



with 



1 3 

'^^"^^[1,0,0] (0,0) 



2Srf(/c-2,0,0) 



3 1 

d™^[o!o,g](0,0) 



2^cf(0,0,Q- 2) 



(5.54) 



For the semi-short multiplets C^^*^ ^jj.^. in (|5.41| ) there is no longer any constraint on _7 — j 
although the formulae for A are unchanged. The semi- short /short multiplet ^[/c*p g](o j)' 
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s t - - 

and its conjugate Pj*^ ^ ^jj.^. are also no longer restricted to s, s = |. For V^^^^ ^^^^ there 
is now no constraint on /c — g as in ( |5.47| ) although A is the same. Of particular interest are 
the chiral multiplets I'^q q o](o j) -^[o o o]{j o)- -^^^ latter case consistency of ( |5.15| ) 
and (|5.26|) for i = 1, 2, 3, 4 with leads to the Dirac equation, similarly to (^4.45| ), which 



takes the form 

{2j - Pia J-) |0, 0, 0; J, 0)^" = , (5.55) 
where the state |0, 0, 0; j, O)'^^ has dimension A = 1 + j. 



6. Applications in Special Cases 

In the previous two sections we gave results for constructing supermultiplets by the 
action of supercharges on the lowest dimension state when this was assumed to belong to 
a general representation of SU{2)ji or SU{4)ii. In such a generic case the Dynkin labels 
for the resulting representations are obtained simply by adding the weights of the relevant 
supercharges to Dynkin indices for the representation to which the lowest dimension state 
belongs. For particular examples the indices obtained are not necessarily positive or zero. 
In such circumstances the Racah Speiser algorithm, described more fully in appendix B, 
provides a straightforward procedure for dealing with these situations. 

We first consider the M = 2 case. Identifying representations with their labels R{jj) 
as in section 4 the algorithm requires that in tensor product expansions we should identify 



(-^)(iJ) = -(^ - 1)0J) ' ^(-iJ) = ' % -J) = -^OJ-i) • (6-1) 

Necessarily in a representation R[jj) if any of i2, j, J is equal to — ^ the contribution of this 
representation in a tensor product expansion must be set to zero. Results following from 
( |6.1|) have been used implicitly at various points in section 4. As an illustration we may 
consider (^4.15| ) for R—^ when there is a further truncation. 



^(oj) ^ ' ^0-,o) ■ (6-2) 
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If we apply the results to the short multiplet Br, illustrated in ( [4.22 



), for R = 1 , 1 we find 



A A 

^ i(0,0) 2 1(0,0) 



3 



0^1 n\ OiTi 1- 



2 "^(^,0) ^(0,i) 2 2(1,0) 2(0,i) 

/ \ / \ 

3 0(0,0) 0(1,1) 0(0,0) (6-3) 



1 ~0(0,^) ~^(5'0) I 



^ ~^(o,o) ^ -0(0,0) 

r I -1 1 I -i 



The negative contributions may be cancelled by imposing the equations of motion or 
conservation equations. Thus in the R = ^ case representing the contribution with A = 1 
by a scalar field 99* and for A = | by two fermions tpct^ it is easy to see that d'^^p^ and 
d'^°^il)ct, dctaX"' exactly correspond in dimensions and spins to the negative representations 
with A = 3 and A = | respectively. Thus the requirement of the equations of motion 
cancels these negative terms and this represents the usual M = 2 hypermultiplet. In the 
case of Bi the multiplet contains a SU(2)fi singlet current J^dt with A = 3, belonging to 
the representation 0(i i), for which the divergence d^^Jaa corresponds to the negative 
contribution in (|6.3|) and so the conservation of the current cancels the negative piece. 
This case is the simplest gauge invariant short multiplet in A/" = 2 theories. 

For the semi-short modules we may note, using ( |6.1|) , that ( [4.27|) reduces to ( [4.28| ) 
for R = 0. The semi-short supermultiplet Cjk^jj), displayed in ( f4.37| ) reduces to Co(j,j), 
as given in ( |4.40| ), together with negative contributions which are cancelled by imposing 



conservation equations on all fields belonging to the supermultiplet. We may also note 
that in ( [4.27| ) setting j = removes the first term and this module is identical to the 
short module exhibited in ( [4.15|) for R ^ R + ^. This provides an explanation of ( [4.51|) . 



35 



A further special case, following from (|6.2|), is obtained by considering (|4.43|) for = |, 
A 



J+2 



1 

2 (OJ) 



\ / \ 



J+3 



1 1 

2(^J+^) 2(0,j+l),(0j) 



\ / \ 

r J+l J+1 J+i J 3-\ 

neglecting negative terms which are removed by imposing conservation of the currents for 
the representations 0( i j), if J > 0, i and 0(i j^^). In addition we may obtain from 
( TO) and (|;22D, using (|OD, 

= i3i?(o,o) ■ (6-5) 

A similar pattern emerges for A/" = 4. In this case for 5'[/(4) representations [/c,p, q\ 
in tensor product expansions we should identify 

= - [-/c-2,p + /c + l,g], [/c,p,q] = -[/c+p + l,-p-2,g+p + l], 

(6.6) 

[/c,p,q] = -[/c,p + Q + l,-g-2]. 

These identities generate a group of order 24 so there are 23 non trivial relations which 
allow [/c,]5, q\ = ±[A;',p', g'] with k' ,p' ,q' > or = 0, as when any of A:,p, q are equal 

to —1. These rules allow the construction of supermultiplets described previously to be 
extended to cases when the lowest state representation has low q. Some examples are 
given in tables in appendix C. 



Using (|6.6| ) it is easy to see that there is also a truncation of the basic short modules 
for special choices of /c,p, q. For h^^ ^ ^j, given by ( ^T9|) , ii k — 1 

M 1 _ [l,p,g-l],[l,p-l,<7+l](i_-) Cf^ [i,p_i,g],[o,p+i,g-i],[o,p,g+l](i,j) 

L 7J5,?J(o,j) ^ [0,p+l,g],i ^, ' [l,p,g-2],[l,p-l,g],[l,p-2,g+2],[0,p+l,g-l],[0,p,g+l](o,j) 

[0,p,g](3_^-),[l,p-l,g-l],[l,p-2,g+l](i_-j q4 [o,p,g_i],[o,p-l,g+l](i_j) 
[0,p+l,g-2],2[0,p,g],[0,p-l,g+2](i__^ [l,p-2,g],[0,p,g-l],[0,p-l,g+l](o,j) 

^ [0,P-1,q](1,,). (6.7) 
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For p given by (|5.11| ), we have if p = 1 



[o,i,g](o„ 



J) 



[0,0,g+l](i -) 



[0.0,g](i,j) 



[0,l,9-2],[0,0,g](o,j) 



[0,0, 



(6.^ 



and for b^^ q given by (|5.13|) , for g = 1 we have just, 

[0,0,l](oj) ^ [0,0,0](i,,). (6.9) 
In each example there is one less level than for the general case. In ( |6.7| ) there is one 



further stage of shortening if p = and in ( |6.8| ) if = 0. In general for these modules we 
have 



[0,P,q] 

For the semi-short modules cf 



^[0,0,g] 



3 



[0,0, g] 



(6.10) 



[k,p,q]j 



there is no similar truncation but it easy to check, with 



[0,p,q]j 



"[0,p,g]j 



and 



the aid of results flowing from ( |6.6| ), that these are nested in that c 
similarly if p and then q are set to zero for t = | , 1 . Thus ( |5.iy| ) and ( |5.21D are identical 
for k = 0. We may also note that in ( ^.18|) if j = — | the first representation is absent and 
the module is identical with (|5.9|) with k ^ k + 1, justifying ( ^.35 ). In a similar fashion 
we may note that 

A 1 , ~ ebi ,®bi 1- (6.11) 

[0,p,q]-l ^ [0,p,g] ^ [0,p+l,q] ' 

These results extend to complete supermultiplets. The simplest non trivial |-BPS 



1 1 

' 2 



multiplets are B^^'^ ^p 

A 
1 



which has maximal shortening. 



[0,l,0](o,o) 



[0,0,l](i,o) 

/ 

[0,0,0](i,o) 

\ 

-[0,0,l](o,i) 
/ \ 



[l,0,0](o,i) 

\ 

[0,0,0](o,i) 

/ 

-[l,0,0](i,o) 
/ \ 



(6.12) 



3 -[0,0,0] 



-[0,l,0](o, 



0) 



-[0'0'0](i,i) 



7 

2 



4 [0,0,0] (0,0) 
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[0,0,0] (0,0) 



1 1 

and 



[0,2,0](0,0) 



A 
2 



[0,l,0]{i,o) 
[0,0,2](o,o) 



[0,0,1] 



[0,2,0] (0,0) 

/ \ 
[0,l,l](i,o) [l,l,0](o,i) 
/ \ / \ 

\ / \ 

l,0,0](i,i) [0,0,l](i,i) [l,0,0](o,i 

/ 



[O,l,0](o,i) 
[2,0,0](o,o) 



(6.13) 



4 [0,0,0] 



(0,0) 



[0,0,0](i,i) 
-[1.0,l](o,o) 



\ 

[0,0,0] (0,0) 



-[l,0,0](i,o) -[0,0,l](o,i) 



■[0'0,0](i 1) 



In ( |6.12| ) , as in the M = 2 case, the negative contributions are canceUed by imposing equa- 
tions of motion on aU fields (for the representation [0, 0, 0](i,o) with A = 2 corresponding to 
a field fap = fpoc there is associated vector Vqq, [0, 0, 0](i i^, with A = 3 which contributes 
negatively and a scalar 99, [0, 0, 0]^o,o), with A = 4, the equation of motion is 9""/q.^ = 
and we may note that / — > V — > ip with ddf = 0) . For each column there are zero 
total degrees of freedom reflecting the vanishing of the dimension formula ( |5.40| ) in this 



case. This of course corresponds to the elementary multiplet in A/" = 4 gauge theories. In 

( |6.13|) it is necessary to impose conservation equations for the [1, 0, l](i,i) SU{4) current, 

as well as the energy momentum tensor, [0,0, 0](i 1), and spinor currents, [1, 0, 0](]^ i) and 

[0,0, l](i ly For p > 2 there are no such constraints on the corresponding flelds since 

1 1 

no negative representations appear in S^^^ qj^^q As a consequence of ( |6.7D we may also 

- - ' ' ' 1 

note that B^^'^ -^j^q is shortened from the generic 4 -BPS case, the scale dimension ranges 

1 3 

just from p + 2 to p + 7. Using (|6.7|) we also obtain the singleton multiplet B^^'^ qj^^q is 
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described by 
A 



1 [l,0,0](o,o) 

/ \ 

1 [0,l,0](.,o) [0,0,0](o,i) ^^^^^ 

2 [0,0,l](i,o) 
/ 

f [0,0,0] (3,0) 

with all fields required to satisfy equations of motion. The singleton representa- 

11 13 3 1 

tions -Sjq'^ o](o 0)' '^[i'oo](oo) ^'^'^ '^[o'oi](oo) building blocks for all supermultiplets. 

1 3 

We may also note that -^p'o o](o o) contains conserved currents for the representations 
[0,l,0](i,i), [0,0,l](i,i) and [0,0;0](|,i). 

tt - - - - 

For the semi-short multiplets C,l . -x we have verified that Cr'i"^ . -x ~ Crn'^^u ■ -^ 



1 1 



and also C[o'oo](ij) reduces to C[ooo](jj)' shown in (|5.45|) , together with negative 



terms corresponding to the divergences of all currents with spins j,j > 0. In a 
similar fashion we may show that ^[o io](jo) contains higher spin conserved currents 
with the representations [1, 0, 0](j-+i , i),^^-^ i ,i),(j-+2,i), [0, 1, 0](^-+i , i i ), [2, 0, 0](j-+i 
[0'0,0](,-i),(,+|,i),(,+2,i)' [0,0,l](,+i,i),(,+|,i), [l,0,l](^.+|,i) and [1, 1, 0](^.+i,i ), in each 
case with scale dimension j + j + 2 as is necessary for consistency with conformal invari- 
ance. The relation ( |5.52| ) demonstrates that semi-short multiplets are connected to short 



multiplets in special cases, in addition from (|6.11| ) we may note that 



11 11 11 11 

S!p,o](-i -1) - ^[o,p,o](o,o) © '^^[o,p+iMo,o) ® ^Kp+2,o](o,o) • (6-15) 

Allowing for a central extension there are several cases leading to quite small multi- 
plets. These have been discussed in [1T6|i. 



11 13 

In detail for the first paper in |16] Table f corresponds to Sro'i oifo ov Table 2 to 13,V^ , 



[0,1,0](0,0)' ^"-"^^ ^ ''^ '-^[1,0,0] (0,0)' 
3 1 

Table 3 to i3[^;o" i](o.o)' Table 4 to :Pj,'.o.o](o,o)' Table 5 to I?[o,o,o](o,o)' Table 6 to :D[o,o,o]0-i,o)' Table 

,o](o,j-i)' Table 8 to S[t,'i,o](o,o)' Table 9 to ^3^ ' * ^^^^^ Table 10 to I^[o'i%](j_i,o)' Table II 
11 -^^ 11 

*° ^[o.MKo.j-i)' Table 12 to g o](^.^_;^ while Table 13 corresponds to 5[o,2%](o,o)- '^^ 

13 ' ' ' S 1 

second paper among the new multiplets Table 6 corresponds to 'Bj2 q o](o o)' Table 7 to -Bjq'q 2](o o)' 
Table 8 to ^°o,o,o](o,o) and Table 9 to B^^^ ^^^^^^^y 
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7. Discussion 



An initial motivation for this work was to identify supermultiplets with the sets of 
operators that arise in the operator product expansion analysis of four point functions of 
the A/" = 4 superconformal SU{N) gauge theory. In the analysis in of super conformal 
Ward identities for the four point function for [0, 2, 0] chiral primary operators we showed 
how the solution of these identities required the presence of sets of operators in the operator 
product expansion with related scale dimensions and spins. The spectra in each case match 
exactly with what we have termed diagonal states, formed by equal numbers of Q and Q 
supercharges acting on a superconformal primary state, for particular short and semi-short 
multipletJi. This is as expected according to U{1)y bonus symmetry []26| , ^ . Assuming 



a non renormalisation theorem such that there is only a single undetermined function of 

two variables in the solution of the Ward identities then there must be present in the 

i_ 1 

operator product expansion analysis semi-short multiplets C^g^o]{jj)^ 3 ~ 0,1,2... and 
^[1 j)' i ~ 2' I' ■ ■ ■■ ^ similar pattern emerges in an extension |2^ of this analysis 



to next extremal four point correlators of chiral primary operators. Assuming non 

renormalisation theorems the operator product expansion requires the presence of semi- 

1 1 

short multiplets C^'^ Q^f^. for all p = 2, 3, . . . and j = 0, ^, 1, . . . (a related discussion of 
next extremal correlators is also given in Q). 

More generally it remains to be understood under what circumstances short or semi- 
short multiplets are protected against renormalisation effects giving rise to anomalous 
dimensions. If these are to occur it is necessary the multiplet is part of a possible long 
multiplet. As a consequence of ( ^.50|) and (|5.51|) the only multiplets satisfying shortening 



conditions for the action of both the Q and Q supercharges that cannot form part of a 
long multiplet and therefore must be protected are 

11 11 

K?2'2 K?4'4 (7 ^^ 

"[0,p,0](0,0) ' '"[l,p,l](0,0) ■ v-J-J 

For other cases there is the possibility of joining with other multiplets to form a long 
multiplet so that such multiplets by themselves cannot be guaranteed to be protected 
against renormalisation effects. The number of states in the free and interacting theories 
should be the same but the way in which they are arranged into supermultiplets may 
change for g non zero. Given the results ( p.50| ) and ( |5.51| ) and a knowledge of the free 



theory supermultiplet struture then, although individual semi-short multiplets can be part 



of more than one long multiplet, it may be possible, following [22], to set up index theorems 



^ In particular in [R] the states labelled by Bt correspond to C^'^ ^ i« ii' t° 

11 11 -vll-vll 11 

[0,2,0](i£-l *°^[l,o',l](i£-l ^° *° ^[0,2,0](0,0)' ^0 tO Iqj^q HXid £q to fi[2,o,2](0,0)- 
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which would ensure, for a non zero index, the existence of other protected supermultiplets. 

1 - - 

On the other hand a ^-BPS multiplet 13^^' ^ ^j^^q q-, with q > 2 can only be part of a unique 
long multiplet '^^^^2p\-2]{o oy present the knowledge of what protected multiplets 
may appear in A/" = 4 SYM is rather limited, for a discussion of ^-BPS operators in field 
theory see |]3y] . More generally it seems probable that in any interacting theory multiplets 



containing higher spin currents, such as CjJ ^ o](j j)' illustrated in ( ^.451) , should 

be absent (this was implicitly assumed in 0). This rule of course applies in the simplest 
case j = for the Konishi multiplet, the Konishi anomaly affects not just the usual spin 1 
vector current but also currents in the same multiplet with spin 2,3,4. In general protected 
operators belonging to semi-short multiplets are essentially multi-trace operators formed 
from products of single trace ^-BPS chiral primary operators which are at least 



protected against perturbative corrections to leading order in [R2[ 



We may also note that the conditions imposed on the action of the Q and Q super- 
charges, such as ( [4 .241) , (|4.29|) and ( [4 .351) for A/" = 2 and their extensions to TV = 4, on 



the superconformal primary states for semi-short multiplets have a direct correspondence 
in terms of the action of the D and D spinor derivatives on superfields [0, where they 
are referred to as current like protected operators. In the simplest case the A/" = 1 Kon- 
ishi scalar field O satisfies D^O = D^O = in free theory, analogous to the semi-short 
conditions for J = J = 0, but there is the well known anomaly to 0(5'^). 

A remaining question is whether there are perhaps any additional shortening con- 
ditions other than those discussed here. The semi-shortening conditions which arise at 
unitarity bounds are clearly related to null states so that the cases considered masy be 
expected to be complete. As a partial test of completeness for A/" = 2 we have considered 
the decomposition of a A/" = 4 ^-BPS supermultiplet in terms oi J\f — 2 supermultiplets 
when we obtain 

^[o',P,0](0,0) - + 1) ^ip © ^p(0,0) © ^-p(0,0) 

© (p- l)Cip_i(o,0) ©P(^^i(p-1)(0,0) ©^i(p-l)(0,0)) 
p-2 



+ 1) fc,p-fc(o,o) © ^^k,k-p{o,o)) 



' (7.2) 

p-3 

© ® + -1) {^^k,p-k-2{0,0) © ^iA;,A:-p+2(0,0)) 
k=0 

p— 4 p—k — A 

®® ® '^^^ -^)'^iA;,p-fc-4-2Z(0,0) • 
fc=0 1=0 

All possible supermultiplets discussed in section 4 arise. We may note that, as expected, 
for p = 2 the decomposition contains the J\f = 2 energy momentum tensor multiplet Co(o,o)- 
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Appendix A. Two Point Functions 



To construct the conformal two point functions from the results of section 2 we first 
note that from the definition ( p.l4|) and taking the field Oi{t, rn), for na a unit vector, we 
may obtain 

I A), = Oiii, 0) |0) 2^ , j(A| = 2^(0|Oj(-z, 0) , (A.l) 

which may be derived in the same fashion as other results obtained later. We then consider 
exp{—i(3naS\ — | A)/. To obtain an explicit expression we first consider 

e-^^'-'^OiiiMO) = Oi{irM0)fir) . (A.2) 

From this we may derive 

±{Oi{tT,0mf{r)) = -t[S\Oi{tT,omf{T) ^^^^ 

= - i ((1 + rfdr + 2A(1 + r))Oi{iT, 0)|0) /(r) , 

using ( |2.5| ). By solving the differential equation we easily obtain 

2 9A 

r + l = Y:p^, /(r) = (i(r + l))'^. (A.4) 

Similarly for 

e-^f3-^£^^Oi{iTo, 0) |0) = Oj{iT, rn)\0) g'^iir, r) , (A.5) 
and the following equations are now obtained 



±(r-iT)= -i(r-z(r + l))^ 



d(3 
d 

dp 



-^£?'^7(r,r) = - Ar g-^i{r,r) + {t + l){soanayK9^iir:r) 



(A.6) 



Hence we get 



exp(-i/?na^+a-m^+d)|A)7 = Oj(z(r-l),rn)|0)((exp(tan-i^2soana))-^/(i(r2 + r2)) 

2/3 2(1 + a) 



/32 + (l + a)2' /32 + (l + ci)2 



(A.7) 



Since j{A\exp{—i(3naS\—iaS~^d)\A.)i = Njj, from ( ^.151 ) and ( |2.17D , we then determine 
the two point function in the form 

(0|OJ(-^,0)O,(^(r-l),rn)|0) = {Q\OM Oi{xm =lj,{x) ^ 



(^^)^ ' (Ai 
= (ir, rn) , = + , 



43 



for 

T(x) = iVexp(-tan~^^ 2soana) = exp(tan~^^ 2soana) , (A.9) 

using ( P^ ) and ( P^ ). 

As an illustration for a four dimensional spinor field, Oi = ipa-, Oj = i/'q,, then 
Sab = |^o"[aC"&] and we may take = ao so that ( |A.9|) gives 

T(X) =-^-4-T^aX". (A.IO) 

Alternatively for a vector field Va we have {sabYa = i{'nadS% — r/bdS'^a) then using A^cd = (^cd 
from ( |A.y| ) we have 

Xcd(x) = 77cd - 2 ^ , (A.ll) 

with Xc determined from ([A.8| ). Of course ( |A.11|) is just the expected result given by the 
inversion tensor. 



Appendix B. Racah Speiser Algorithm 



We describe here in outline the Racah Speiser algorithm [20| which provides a succinct 



and simple way of decomposing tensor products^. A representation Ra with Dynkin labels 
A = [Ai, . . . , A^] is characterised by a highest weight vector A, 

r 

A = ^XiWieW ^ AiGZ, Ai>0, (B.l) 

i=l 

where Wi are the fundamental weights which are dual to the simple roots a^, 2wi -aj/aj^ = 
Sij. For a tensor product R\ ® i?A' we consider the set of weights Va' = {A} for all states 
in the representation space for R/^/ (A = J2i ^i^i with A^ positive or negative integers and, 
allowing for multiplicity, there are c/a' weights in Va' for d^' the dimension of i?A')- Then 
the Racah Speiser algorithm can be paraphrased by expressing the tensor product as 

Rk^Rk! ^ ^A+A = 5Z^A„ ' KeW, (B.2) 

where we require 

Rx = sign(a)i?A- , A<^ = a(A + p) - p , (B.3) 

^ For a more pictorial description for the case of SU (3) see [^3|| and in a mathematical 
context chapter VI, 24.4, exercise 9 in [34|. 
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for a an element of W, the Weyl group, the symmetry group of the root space which 
permutes the different possible bases of simple roots, and the Weyl vector p is defined by 



P=\Y^ a = (B.4) 

ae<I>+ i=l 

for the set of positive roots. W is generated by the reflections corresponding to the 
simple roots 

(TiA = A - ^^-^ ai , (B.5) 



a. 



and sign(cr) = (—1)^'^ if a is formed from the product of elementary reflections (p.5| ). 

For A = ^i^i then A G dW if A^ = for some z, in which case u^A = A. For any 
weight vector A there is a a G W such that a\ G W . If crA ^ dW then a is unique, if 
crA G dW then there is a reflection a\, with sign(crA) = — , such that a\\ = A. Consequently 
if there is a cr so that cr(A + p) G \ dW then in (|B.3|) , for all such A, A'^ G is unique. 
Otherwise there is a reflection a, with sign(a") — — , such that A"^ = A and in this case from 

i?A = -% = 0. (B.6) 

Hence in ( |B.2| ), for any weights A G Va', we may let Rk+\ — * ±-Ra for some unique 
An G or alternatively Ra+x ^0. If A + A G then we may take, for some n, 
An = A + A. Unless this is true for all A G Va' there is a cancellation of representations in 
the sum over {A„} on the right hand side of (|B.2| ) due to sign(a) = — for some cases. 

It is easy to check that the algorithm is compatible with dimensions. Let 

n ^^i^. (B.7) 

For any A & W is just the Weyl formula the dimension of the representation R\ with 
Dynkin labels A. For an elementary reflection as in (|B.5|) , 

cTi($+ = (Titti = -ai dx^r = -dx, (B.8) 

since the scalar product is invariant under reflections. In general then dx'^ = sign(a)(iA 
and it is straightforward to see that (when ( [B.6| ) holds dx = 0), 
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For illustration for the simplest case of SU{2) where, following convention, the repre- 
sentations are Rj, j = 0, |, 1, . . ., the associated weights Vj = {— j, —j+l, ■ ■ ■ , j}, and the 
Weyl group W = Z2, where for m &Vj, am = —m. In this case ( [B.2|) gives 



D ^ D J ^rneV., ^j+m , j' <j, 1 n^ 

Rj^Rj'^iy^ ^ _^ , (B.lO) 

using from ( [B.3| ), 

R-n = —Rn-i 1 R_i=0. (B.ll) 

2 

Of course this is just the standard result for tensor products in SU{2). 

Instead of (|B.5| ) and (|B.4| ), defining for A = [. . . , Aj, . . .] for A = J2j ^j'^j^ 
write 

a,X= [...,A,-A,K,„...], p= (B.12) 

for [Kij] the Cartan matrix. For the case of SU{4) then with the Cartan matrix (|3.25| ) 
and with ( |B.3| ) the elementary refiections give 

[Ai, A2, As]"^ = [-Ai - 2, Ai + A2 + 1, A3] , [Ai, A2, Xs]"' = [X1A2 + A3 + 1, -A3 - 2] , 
[Ai, A2, A3]"^ = [Ai + A2 + 1, -A2 - 2, A2 + A3 + 1] . (B.13) 

For this case W = 1S4, the permutation group on four objects (in this case we have the 
relations a.^ = e, aias = asai, a\aiO\ = oiO\a2, o^oio^ = oiO'^O'i). Note that 

[Ai, A2, A3]"^'^^'^^ = [-A2 - 2, -Ai - 2, Ai + A2 + A3 + 2] , 
[Ai, A2, A3]"^'^^'^^ = [Ai + A2 + A3 + 2, -A3 - 2, -A2 - 2] , (B.14) 
[Ai, A2, A3]'^^'^^"^'^^'^^ = [-A2 - A3 - 3, A2, -Ai - A2 - 3] . 



From (|Bl3|) and ( pUD it is clear that we have A*^ = A with signa = — if one of the 



following conditions apply, 

Ai = -1, A2 = -l, A3 = -l, Ai + A2 = -2, A2 + A3 = -2, Ai + A2 + A3 = -3. 

(B.15) 

These correspond exactly to the zeros of the dimension formula ( |3.29| ), as expected since 
these cases correspond to zero contributions in the tensor product expansion. 
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Appendix C. Tables of Representations 



£ + 2g + p + 2 


e + 2q+p + 3 




[9-1,35,9- l](?+i,['J-l,P+2,g-l]<:+i,4[(j,p,(7]^+i,[g+l,p-2,(j+l]^+i,[(j+l,p,q'+l]^+i 
[q-l,P,g-l]€-i,[q-l,P+2,q-l]<;-i,2[q,p,g]^_i,[q+l,p-2,q+l]^_i 


e + 2q + p + A 



[g-2,p+2,g-2]<;+2,2[5-l,p,g-l]£+2,2[q-l,p+2,Q-l]^+2,[q,p-2,q']^+2 

6[g,P,<?]£+2,[g,P+2,g]£+2,2[<z+l,p-2,g+l]^+2,2[9+l,p,g+l],+2,[g+2,p-2,g+2]^+2 
[g-2,p,Q-2],,4[g-2,p+2,g-2]^,[5-2,p+4,g-2]^,10[<?-l,P,g-l]£,8[g-l,p+2,g-l]^,4[g,p-2,g](, 
15[g,p,(z]<;,[g,p+2,g]^,8[g+l,p-2,g+l]<;,2[g+l,p,g+l]<;,[q+2,p-4,q+2]^,[g+2,p-2,q+2l^ 
[q-2,p+2,g-2]£_2,2[q-l,p,Q-l]^_2,[q,p-2,q]^_2,[g,p,g]£_2 



£ + 2g + p + 5 

[9-l,P,q'-l](!+3,[g-l,P+2,(7-l]<!+3,4[g,p,g]<;+3,[(J+l,p-2,g+l]^+3,[Q+l,p,g+ll£+3 
[g-3,p+2,q-3],+i,[g-3,p+4,g-3],+i,2[g-2,p,g-2]£+i,10[g-2,p+2,g-2]£+i,2[g-2,p+4,g-2]^+i,[g-l,p-2,g-l]^+i 

20[g-l,p,g-l]<!+i,15[g-l,p+2,g-l]<.+i,[g-l,p+4,g-l]<;+i,10[g,p-2,g]<.+i,26[g,p,g]<!+i,4[g,p+2,g]^+i 
[g+l,p-4,g+l]^+i,15[g+l,p-2,g+l]^+i,6[g+l,p,g+l]^+i,2[g+2,p-4,g+2]^+i,4[g+2,p-2,g+2]^+i,[g+3,p-4,g+^^ 
[g-3,p+2,g-3]^_i,[g-3,p+4,g-3]f_i,2[g-2,p,g-2]^_i,8[g-2,p+2,g-2]f_i 
[g-l,p-2,g-l]^_i,15[g-l,p,g-l]<!_i,4[g-l,p+2,g-l](<_i,8[g,p-2,g]<._i,10[g,p,g]^_i 
[q+l,p-4,g+l]f_i,4[g+l,p-2,g+l]f_i,[g+l,p,g+l]^_i,[g-l,p,g-l]^_3 

£ + 2^ + ^ + 6 

[g,P,9]£+4,[Q-2,p,g-2]£+2,4[q-2,p+2,g-2]£+2,[g'-2,p+4,g-2]^+2,10[g-l,p,g-l]^+2,8[q-l,p+2,g-l]£+2 
4[q,p-2,g]«+2,15[g,p,g]f+2,[g,p+2,g]^+2,8[g+l,p-2,g+l]<.+2,2[g+l,p,g+l]^+2,[g+2,p-4,g+2]^+2,[g+2,p-2,g+2]^+2 
[g-4,p+4,g-4]^,4[g-3,p+2,g-3]f,2[g-3,p+4,g-3]^,6[g-2,p,g-2]^,15[g-2,p+2,g-2]^,[g-2,p+4,g-2]^ 
4[g-l,p-2,g-l]^,26[g-l,p,g-l]^,10[g-l,p+2,g-l]^,[g,p-4,g]^,15[g,p-2,g]^,20[g,p,g]f,[g,p+2,g]^ 
2[g+l,p-4,g+l]^,10[g+l,p-2,g+l]f,2[g+l,p,g+l](,,[g+2,p-4,g+2]<;,[g+2,p-2,g+2]<, 
k-2,p,g-2]^_2,[q-2,p+2,g-2]^_2,4[g-l,p,g-l]£_2,[g,p-2,g]£_2,[g,p,g]£-2 

i + 2q+p + 7 

['?-l,P,i7-l]^+3,['J-l,P+2,g-l]^>+3,2[g,p,g]<?+3,[g+l,p-2,g+l]£+3 
[g-3,p+2,g-3]<;+i,[g-3,p+4,g-3]<;+i,2[g-2,p,g-2]<.+i,8[g-2,p+2,g-2]<.+i,[g-l,p-2,g-l]<.+i,15[g-l,p,g-l](.+i 
4[q'-l,p+2,g-l]£+i,8[g,p-2,q']^+i,10[g,p,g]£+i,[g+l,p-4,g+l]^+i,4[q'+l,p-2,g+l]^+i,[g+l,p,g+l]^+i 
[g-3,p+2,g-3]f_i,2[g-2,p,g-2]^_i,2[q-2,p+2,g-2]^_i,[g-l,p-2,g-l]^_i 

r)[(/-l.p.f/-l]( - i.[f/-l.p+2.f/-l], i.2[(/./)-2.f/], - i.2[(/.7).f/](_.i.[(/ + l./)-2,g+l]^_l 



e + 2q + p + 8 


e + 2q + p + 9 


[g-2,p+2,g-2]^+2,2[g-l,p,g-l]£+2,[g,p-2,g]£+2,[g',P,q]^+2 
k-2,p,q'-2]^,[g-2,p+2,g-2]£,4[g-l,p,g-l]£,[g,p-2,g]£,[g,p,g]f 


[q-l,p,q-l]i+i 



1 1 

Table 4. Diagonal representations in i 
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p + 2 


p + 3 


p+4 


l]o 


[0,p,0]i,[0,p+2,0]i 
2[l,p,l]i,[2,p-2,2]i 


2[0,p,0]2,[l,p-2,l]2,[l,P,l]2 

[0,p,0]o,[l,p-2,l]o,2[l,p,l]o,2[2,p-2,2]o,[3,p-4,3]o 



p + 5 


P + Q 


p + 7 


[0,p,0]3,[0,p-2,0]i,2[0,p,0]i,4[l,p-2,lli 
[l,p,l]i,[2,p-4,2]i,[2,p-2,2]i 


[l,p-2,l]2,2[0,p-2,0]o 
[l,p-4,l]o,[l,p-2,llo 


[0,p-2,0]i 


Table 5. Diagonal representations in B^^'^ ^-^^^ 





e+p + 5 






[0,p,0]^+i,[0,p+2,0]^+i,4[l,p,l]^+i,[2,p-2,2]^+i,[2,p,2]^+i 
[0,p,0]^_i,[0,p+2,0]^_i,2[l,p,l]^_i,[2,p-2,2]^_i 


e+p + 6 



2[0,p,0]^+2,2[0,p+2,0]<;+2,[l,p-2,l]<!+2,6[l,p,l]^+2,[l,p+2,l]<!+2,2[2,p-2,2]<;+2,2[2,p,2]<;+2,[3,p-2,3]<;+2 
6[0,p,0]^,4[0,p+2,0]f,4[l,p-2,l]^,13[l,p,l]€,[l,P+2,l]f,8[2,p-2,2]^,2[2,p,2]^,[3,p-4,3]^,[3,p-2,3]f 

2[0./;.0], ..,.[l./,-2.1],.._,.[l./,.l], 



i + p + 7 



[0,p,0],+3,[0,p+2,0]f+3,4[l,p,l]^+3,[2,p-2,2]^+3,[2,p,2]^+3 
[0,p-2,0]^+i,ll[0,P,0]^+i,8[0,p+2,0]^+i,[0,p+4,0]<;+i,10[l,p-2,l]^+i,22[l,p,l]^+i,4[l,p+2,l]^+i 
[2,p-4,2]^+i,15[2,p-2,2]^+i,6[2,p,2]^+i,2[3,p-4,3]^+i,4[3,p-2,3]^+i,[4,p-4,4]^+i 
[0,p-2,0]f_i,8[0,p,0]^_i,[0,p+2,0]^_i,8[l,p-2,l]^_i,8[l,p,l]^_i,[2,p-4,2]^_i,4[2,p-2,2]^_i,[2,p,2]^_i,[0,p,0]^_3 



e+p + s 



[l,p,l]<;+4,6[0,p,0]^+2,4[0,p+2,0](;+2,4[l,p-2,l]^+2,13[l,p,l]€+2,[l,P+2,l]^+2 
8[2,p-2,2]^+2,2[2,p,2]^+2,[3,p-4,3]^+2,[3,p-2,3]^+2 
4[0,p-2,0]^,12[0,p,0]^,4[0,p+2,0]^,[l,p-4,l]^,15[l,p-2,l]^,15[l,p,l]^,[l,p+2,l]^ 
2[2,p-4,2]^,10[2,p-2,2]^,2[2,p,2]^,[3,p-4,3]^,[3,p-2,3]^,2[0,p,0]^_2,[l,p-2,l]^_2,[l,P,l]^-2 



e+p + 9 



[0,p,0]<;+3,[0,p+2,0]f+3,2[l,p,l]<!+3,[2,p-2,2](.+3 
[0,p-2,0]^+i,8[0,p,0]^+i,[0,p+2,0]£+i,8[l,p-2,l]^+i,8[l,p,l]«+i,[2,p-4,2]^+i,4[2,p-2,2]^+i,[2,p,2]^+i 

[O.p-2.0], _.i.3[0./,.0],_..i.[0.,<+2.0]r-i.2[l.p-2.1],_i.2[l./,.l]r-i.!2.,;-2.2],_i 



e+p + 10 


e + p + n 


2[0,p,0]^+2,[l,p-2,l]<.+2,[l,p,l]£+2 
2[0,p,0]^,[l,p-2,l]^,[l,p,l]£ 


[0,P,0]^+i 



Table 6. Diagonal representations in C^^'^^^^ii 



2'-' 2^ 
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£ + 4 


£ + 5 


e + 6 


e + 7 


[0,2,0], 


2[0,2,0]^+i,[l,0,l]f+i 
[l,2,l]^+i,[l,0,l]^_i 


[0,0,0]^+2,3[0,2,0]^+2,[0,4,0]^+2 
2[l,0,l]^+2,2[l,2,l]^+2,[2,0,2]^+2 
[0,0,0]^, [0,2,0]^,3[1,0,1]^, [2,0,2]^ 
[0,0,0]^_2 


2[0,2,0]<.+3,[l,0,l]<;+3,[l,2,l]<!+3 
[0,0,0]^+i,2[0,2,0]^+i,4[l,0,l]^+i 
[l,2,l]^+i,[2,0,2]^+i 
[0,0,0]^_i,[l,0,l]^_i 



e + 8 


£ + 9 


£+10 


[0,2,0]<;+4,[0,0,0]^+2,[0,2,0]<;+2,3[l,0,l]^+2,[2,0,2]<;+2 
[0,0,0]^, [0,2,0]^, [1,0, l]f 


[l,0,l]<;+3 
[0,0,0]£+i,[l,0,l]^+i 


[0,0,0],+2 



Table 7. Diagonal representations in Crt'^ 



2q + p + 2 



[(].p.q]( 



2q+p + 3 



[q-l,,K.q-l],.[q-l.]> + 2.q-l]i.4[q.j,.q]t_.[q + l.p-2.q + l]i.[q + l.i,.q + l]-i 



2q + p + 4: 



[Q-2,p+2,g-2]2,2[Q-l,p,g-l]2,2[g-l,p+2,g-l]2,[q,p-2,g]2 
6[g,P,9]2,[g,P+2,Q]2,2[q+l,p-2,g+l]2,2[g+l,p,g+l]2,[g+2,p-2,q+2]2 
[q-2,p,g-2]o,[q-2,p+2,g-2]o,[Q-2,p+4,g-2]o,4[q-l,p,g-l]o,4[q-l,p+2,q-l]o,[q,p-2,g]o 
8[Q,P,g]o,[g,P+2,g]o,4[q+l,p-2,q+l]o,2[g+l,p,q+l]o,[g+2,p-4,g+2]o,[Q+2,p-2,g+2]o 



2q + p + 5 



[5-l,P,g-l]3,[<3-l,P+2,q-l]3,4[(?,p,q]3,[g+l,p-2,q+l]3,[g+l,P,g+l]3 
[g-3,p+2,g-3]i,[g-3,p+4,q-3]i,2[q-2,p,q-2]i,8[q-2,p+2,g-2]i,2[g-2,p+4,g-2]i,[9-l,p-2,q-l]i 
15[q-l,p,q-l]i,13[q-l,p+2,q-l]i,[q-l,p+4,q-l]i,8[q,p-2,q]i,22[q,p,q]i,4[q,p+2,q]i 
[q+l,p-4,Q+l]i,13[q+l,p-2,Q+l]i,6[g+l,p,g+l]i,2[g+2,p-4,g+2]i,4[q+2,p-2,Q+2]i,[g+3,p-4,Q+3]i 



2q + p + 6 



[g,P,<z]4,[g-2,p,(/-2]2,4[g-2,p+2,g-2l2,[9-2,p+4,q-2]2,10[g-l,p,q-l]2,8[g-l,p+2,q-l]2 
4[g,p-2,g]2,15[g,p,Q]2,[Q,p+2,g]2,8[q+l,p-2,g+l]2,2[q+l,p,g+l]2,[g+2,p-4,q+2]2,[q+2,p-2,q+2]2 

[q-4,p+4,g-4]o,2[(/-3,p+2,g-3](,,2[f/-3,p+4,Q-3]o,3[g-2,p,9-2]o,8[<j-2,p+2,g-2]„,[q-2,p+4,q-2]o 
2[g-l,p-2,q-l]o,12[9-l,p,g-l]o,6[(7-l,p+2,g-l]„,[g,p-4,g]o,8[g,p-2,q]„,ll[g,p,g]o,[<?,p+2,g]o 
2[g+l,p-4,q+llo,6[g+l,p-2,g+l]o,2[g+l,p,g+l]o,[g+2,p-4,g+2]o,[g+2,p-2,g+2]o 



2q + p + 7 



[9-l,P,5-l]3,k-l,P+2,Q-l]3,2[g,p,g]3,[g+l,p-2,g+l]3 

[g-3,p+2,g-3]i,[g-3,p+4,g-3]i,2[g-2,p,g-2]i,8[g-2,p+2,g-2]i,[g-l,p-2,g-l]i,15[g-l,p,g-l]i 
4[g-l,p+2,g-l]i,8[g,p-2,g]i,10[g,p,g]i,[g+l,p-4,g+l]^,4[g+l,p-2,g+l]i,[q+l,p,g+l]i 
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+ 


2q + p+% 


[g-2,p+2,qr-2]2,2[g-l,p,g-l]2,[q,p-2,g]2,[q,p,g]2 
k-2,p,g-2]o,[g-2,p+2,q-2]o,4[qt-l,p,Q-l]o,[q,p-2,q]o,b,p,Q]o 


[g- l]i 



Table 8. Diagonal representations in Cj*'*^]^q 



p + 2 


p + S 


p+4 


[0,P,0]o 


2[0,p,0]i,[l,p-2,l]i 
[l,P,l]i 


[0,p-2,0]2,3[0,p,0]2,[0,p+2,0]2,2[l,p-2,l]2,2[l,p,l]2,[2,p-2,2l2 
[0,p,0]o,2[l,p-2,l]o,[2,p-4,2]o,[2,p-2,2]o 



p + 5 


P + Q 


2[0,p,0]3,[l,p-2,l]3,[l,P,l]3 

2[0,p-2,0]i,2[0,p,0]i,[l,p-4,l]i,6[l,p-2,l]i 
[l,p,l]i,2[2,p-4,2]i,2[2,p-2,2]i,[3,p-4,3]i 


[0,p,0]4,[0,p-2,0]2,[0,p,0]2,4[l,p-2,l]2,[2,p-4,2]2,[2,p-2,2]2 
[0,p-4,0]o,3[0,p-2,0]o,[0,p,0]o 
2[l,p-4,l]o,2[l,p-2,l]o,[2,p-4,2]o 


p + 7 


p + 8 




[l,p-2,l]3,2[0,p-2,0]i,[l,p-4,l]i,[l,p-2,l]i 


[0,p-2,0]2 



Table 9. Diagonal representations in C[q'p qj^q q)- 
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